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I. Introduction 

1.1. Main Goals. In a recent important breakthrough D. Christodoulou [Chr] has solved a long 
standing problem of General Relativity of evolutionary formation of trapped surfaces in the Einstein- 
vacuum space-times. He has identified an open set of regular initial conditions on a finite outgoing 
null hypersurface leading to a formation a trapped surface in the corresponding vacuum space-time 
to the future of the initial outgoing hypersurface and another incoming null hypersurface with the 
prescribed Minkowskian data. He also gave a version of the same result for data given on part of past 
null infinity. His proof, which we outline below, is based on an inspired choice of the initial condition, 
an ansatz which he calls short pulse, and a complex argument of propagation of estimates, consistent 
with the ansatz, based, largely, on the methods used in the global stability of the Minkowski space 
[Chr-Kl]. Once such estimates are established in a sufficiently large region of the space-time the 
actual proof of the formation of a trapped surface is quite straightforward. 

The goal of the present paper is to give a simpler proof by enlarging the admissible set of initial 
conditions and, consistent with this, relaxing the corresponding propagation estimates just enough 
that a trapped surface still forms. We also reduce the number of derivatives needed in the argument 
from two derivatives of the curvature to just one. More importantly, the proof, which can be easily 
localized with respect to angular sectors, has the potential for further developments. We prove in 
fact another result, concerning the formation of pre-scarred surfaces, i.e surfaces whose outgoing 
expansion is negative in an open angular sector. We only concentrate here on the finite problem, the 
problem from past null infinity can be treated in the same fashion as in [Chr] once the finite problem 
is well understood. The problem from past null infinity has been subsequently considered in a recent 
preprint by Reiterer and Trubowitz, [R-T]. 

We start by providing the framework of double null foliations in which Christodoulou's result is 
formulated. We then present, in subsection 1.3, the heuristic argument for the formation of a trapped 
surface. In subsection 1.4 we then introduce Christodolou's short pulse ansatz and discuss the 
propagation estimates which it entails. 
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1.2. Double null foliations. We consider a region V = X>(w*,m*) of a vacuum spacetime (M,g) 
spanned by a double null foliation generated by the optical functions (u,u) increasing towards the 
future, < u < u* and < u < u^. We denote by H u the outgoing null hypersurfaces generated by 
the level surfaces of u and by H_ u the incoming null hypersurfaces generated level hypersurfaces of u. 

We write S u ^ = H u nH u and denote by H { ^~ 2 \ and Hj? 1 ' Ua) the regions of these null hypersurfaces 
defined by < u < u 2 an d respectively u± < u < u-i. Let L, L be the geodesic vectorfields associated 
to the two foliations and define, 

l -tf = -g{L,L)^ (1) 

Observe that the flat value 1 of Q is 1. As well known, our space-time slab T>(u*,u^) is completely 
determined (for small values of by data along the null, characteristic, hypersurfaces H Q , H_ 

corresponding to u — 0, respectively u — 0. Following [Chr] we assume that our data is trivial along 
H_ 0) i.e. assume that H extends for u < and the spacetime (M, g) is Minkowskian for u < and 
all values of u > 0. Moreover we can construct our double null foliation such that £1 = 1 along H 0: 
i.e., 

Q{0,u) = l, 0<u<u*- (2) 

Throughout this paper we work with the normalized null pair (e 3 ,e4), 

e 3 = QL, e 4 = QL, g{e 3 , e 4 ) = —2. 

Given a 2-surfaces S(u,u) and (e a ) a= i j2 an arbitrary frame tangent to it we define define the Ricci 
coefficients, 

T {X )(^(u) = g(e(x),D e(v) e M ), X,fj,,u — 1,2,3,4 (3) 
These coefficients are completely determined by the following components, 

Xab = g(D a e 4 ,e b ), x ab = g(D a e 3 , e b ), 

Va = ~^g(D 3 e a , e 4 ), y_ a = -^g(D 4 e a , e 3 ) 

v = ~^g(D 4 e 3 ,e 4 ), u = -^g(D 3 e 4 ,e 3 ), ^ ^ 

(a = ^g(D a e 4 ,e 3 ) 
where D a = D e{a) . We also introduce the null curvature components, 

a ab = R(e a , e 4 , e b , e 4 ), a ab = R(e a , e 3 , e b , e 3 ), 

Pa = ^R(e a , e 4 , e 3 , e 4 ), P a = ^R(e a , e 3 , e 3 , e 4 ), ( 5 ) 

1 1 

P = ^R(Le 4 , e 3 , e 4 , e 3 ), a = - *R(Le 4 , e 3 , e 4 , e 3 ) 



1 Note that our normalization for differ from that of [K-Ni] 
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Here *R denotes the Hodge dual of R. We denote by V the induced covariant derivative operator 
on S(u,u) and by V3, V4 the projections to S(u,u) of the covariant derivatives D 3 , -D 4 , see precise 
definitions in [K-Ni]. Observe that, 

1 1 

w = --V 4 (logfi), u = --V 3 (logfi), ^ 

r/a = Ca + V a (logfi), // a = -Ca + V a (l0gfi) 

The connection coefficients T verify equations which have, very roughly, the form, 

v 4 r = r + vr + r • r 
v 3 r = r + vr + r • r 

Similarly the Bianchi identities for the null curvature components verify, also very roughly, 

V 4 i? = VR + r • R 
V 3 R = R + T-R 



(7) 



(8) 



The precise form of these equations is given in the next section, see (47)-(50). Among these equations 
we note the following two, which play an essential role in Christodoulou's argument for the formation 
of trapped surfaces. 



V 4 tr X + ^(tr X ) 2 
V 3 X + ^trxx 



\X\ 



2u;tr% 



1 



(9) 
(10) 



1.3. Heuristic argument. We start by making some important simplifying assumptions. As men- 
tioned above we assume that our data is trivial along if , i.e. assume that H extends for u < 
and the spacetime (M,g) is Minkowskian for u < and all values of u > 0. We introduce a small 
parameter 5 > and restrict the values of u to < u < 5, i.e. = 5. 





The colored region on the right repre- 
sents the domain T>(u, u), < u < 6. 
The same picture is represented, more 
realistically on the left The lower red 
region on the left is the flat portion of 
H , u = 0, while the upper red region, 
corresponding to a large values of u, is 
trapped starting with u = 5. 
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We also make the following additional assumptions, assumed to hold in the entire slab V(u,5). We 
denote by r = r(u,u) the radius of the 2-surfaces S = S(u,u), i.e. \S(u, u)\ = Anr 2 . 

• For small 5, u, u are comparable with their standard values in flat space, i.e. u 
t -±^. We also assume that fifsl.f 

2 ' du 

• Assume that tr% is close to its value in flat space, i.e. tr% ~ — f ■ 

• Assume that the term _E = V<g>r? + 2ur£ — ^tr%X + rj®rj on the right hand side of equation 
(10) is sufficiently small and can be neglected in a first approximation. Assume also that we 
can neglect the term tr^w on the right hand side of (9). 



Given these assumptions we can rewrite (9) 



d , i i 2 



or, integrating, 



r(u,0) 

Multiplying (10) by x we deduce, 

d 

du 



tr X (u,u) < trx(«,0)-/ (H) 

Jo 

|x(m,m')| 2 ^' 



2 



Xl 2 + trxlxl 2 = 



or, in view of our assumptions for tr%, and 



dr 
du 



r Ixl ) = r 2 — \x\ 2 + 2r — \x\ 2 = r 2 \ X \ 2 {-trx+--r)+r 2 X-E 



du du du 1 — r du 

= r 



2l x\ 2 (-(tr X + -) + -(l + ^))+r 2 X-E:=F 



i.e. 

^ 2 |x| 2 (m,m) = ^ 2 (0,m)|x| 2 (0,m) + / F(u',u)du' 

Jo 

Therefore, as J* \F\ is negligible in V, we deduce 

r 2 \x\ 2 (u,u) ~ r 2 (0,w)|x| 2 (0,M) 
We now freely prescribe x along the initial hypersurface Hq°' S \ i.e. 

*(0,u)=*o(u) (12) 
for some traceless 2 tensor Xo- We deduce, 

i «| 2/ x r 2 (0,u) ^ 2 

X («,«) ~ 2 / Xo M 

r 2 («,w) 
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or, since \u\ < 5 and r(u, u) = r + u — u, 



«2 

\x\ 2 (u,u) « °—^\xo\' 2 (u) 

(r - m) 2 



ticx(u,u) < — — - — ^ / \Xo\ 2 (u)du + error 



Thus, returning to (11), 

2 r, 
r -w (ro-Mj^Jo 

Hence, for small 5, the necessary condition to have trx(w,w) < is, 

^2 < / IX0| 

Analyzing equation (9) along H we easily deduce that the condition for the initial hypersurface H 
not to contain trapped hypersurfaces is, 

V ,2 2 

Xo < - 

i.e. we are led to prescribe Xo such that, 

^ < f Ix.f < f (13) 
We thus expect, following Christodoulou, that trapped surfaces may form if (13) is verified. 



1.4. Short pulse data. To prove such a result however we need to check that all the assumptions 
we made above can be verified. To start with, the assumption (13) requires, in particular, an L°° 
upper bound of the form, 

\Xo\<5-^ 2 

If we can show that such a bound persist in T> then, in order to control the error terms F we need, 
for some c > 0, 

tix + ~ = 0(5 C ), + ! = 0(S C ), v = 0(<T 1/2+c ), 

— r au 

uj = 0(cT 1+c ), Vr] = 0(cT 1/2+c ). (14) 

Other bounds will be however needed as we have to take into account all null structure equations. 
We face, in particular, the difficulty that most null structure equations have curvature components 
as sources. Thus we are obliged to derive bounds not just for all Ricci coefficients Xi w > Vi Vi X-, <±L but 
also for all null curvature components a, [3, p, a, (3, a. In his work [Chr] Christodoulou has been able 
to derive such estimates starting with an ansatz (which he calls short pulse) for the initial data Xo- 
More precisely he assumes, in addition to the triviality of the initial data along if , that Xo verifies, 
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relative to coordinates u and transported coordinates u along H Q , (i.e. transported with respect to 
A) 

dun 

Xo(u,") = 8- 1/2 MS- 1 u,u) (15) 

where /o is a fixed traceless, symmetric S*-tangent two tensor along Hq. This ansatz is consistent with 
the following more general condition, for sufficiently large number of derivatives N and sufficiently 
small 5 > 0. 

5 1/2+fc ||V^V m Xo||L2(o,«) < oo, 0<k + m<N, 0<u<5. (16) 

Notation. Here || • ||l 2 („,u) denotes the standard L 2 norm for tensorfields on S(u,u). Whenever there 
is no possible confusion we will also denote these norms by || • || jL 2 ( - s - ) . We shall also denote by || • 1 1 x, 2 ( jy) 
and || • 1 1 £2^) the standard L 2 norms along the null hypersurfaces H = H u and H_ = H_ u . 

Remark 1.5. In [Chr] Christodoulou also includes weights, depending on \u\, in his estimates. These 
allow him to derive not only a local result but also one with data at past null infinity. In our work 
here we only concentrate on the local result, for \u\ < 1, and thus drop the weights. 

Assumption (16), together with the null structure equations (7) and null Bianchi equations (8) leads 
to the following estimates for the null curvature components, along the initial null hypersurface Hq, 

S\\a\\ LHHo) + M\ LHHo) + r 1 / 2 ||(p,a)|| L2(Ho) + <r 3 / 2 ||^|| L2( „ 0) < oo 

(17) 

Consistent with (16), the angular derivatives of a, (3, p,a, [3 obey the same scaling as in (17) while 
each V4 derivative costs an additional power of 5. 

S\\Va\\ L 2 {Ho) + ||V/3|| L2(ifo) +6-*\\V(p,<T)\\v iHo) + 5^ 2 \\VP\\ LHHo) < 00, 
S 2 \\V 4 a\\ L 2 (Ho) +5\\V 4 (3\\ L 2 {Ho) + 5 1/2 \\V 4 (p,a)\\ L 2 (Ho) + <T 1/2 || V^IU^) < 00 

(18) 

Moreover one can derive estimates for the Ricci coefficients, in various norms, weighted by appro- 
priated powers of S. Note that if one were to neglect the quadratic terms in (8) than the expected 
scaling behavior in 5 would have been, 

5||«IU2(i/ ) + ||/3|| L2 (H ) + rl(p,a)|| L2(Ho) + r 2 ||^|| L2(Ho) < 00 

Most of the body of work in [Chr] is to prove that these estimates can be propagated in the entire 
space-time region V{u*, 5), with -u* of size one and 5 sufficiently small, and thus fulfill the necessary 
conditions for the formation of a trapped surface along the lines of the heuristic argument presented 
above. The proof of such estimates, which follows the main outline of the proof of stability of 
Minkowski space, as in [Chr-Kl] and [K-Ni], requires a step by step analysis to make sure that all 
estimates are consistent with the assigned powers of 5. This task is made particularly taxing in view 
of the fact that there are many nonlinear interferences which have to be tracked precisely. 
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1.6. Outline of Christodoulou's propagation estimates. To see what this entails it pays to say 
a few words about the strategy of the proof. As in [Chr-Kl] and [K-Ni] the centerpiece of the entire 
proof consists in proving spacetime curvature estimates consistent with (17). In this case however 
the primary attention has to be given to the stratification of the estimates for different curvature 
components based on their 5-weights. This is done using the Bianchi identities, 

the associated Bel-Robinson tensor Q and carefully chosen vectorfields X whose deformation tensors 
^tx depend only on the Ricci coefficients x, u;, x, ^- These vectorfields can be used either as 
commutation vectorfields or multipliers. In the latter case we would have, 

D s (Q a(hS X a YPz s ) = Q{ Y,Z) + ... (19) 

As multipliers X,Y,Z we can chose the vectorfields e 3 ,e 4 . The choice X = Y = Z = e 4 leads to, 
after integration on V(u,u), 

*>) + Hflkud ")) = H«l| 2 L2( ^) ) + /^ (uu) 3 ^( (4) ^ e 4,e4) (20) 
where i\ is the deformation tensor of e 4 . Since the initial data at H verifies (17) we write, 

* 2 (IMIV^) ) + ll/^ll^))) = S2 \\< HH ^) + 3S2 J I Ku) g((4)7r ' e4 ' e4) 

and expect to bound the double integral term on the right. One can derive similar identities for 
all other possible choices of X,Y,Z among the set {e 3 ,e 4 }. This allows one to estimate both the 
L 2 (H) norms of a, [3, p,a, [3 and the L 2 (H) of /3, p, a, /3, a, with appropriate 5 weights, in terms 
of corresponding 5-weighted L 2 (H ) norms of a, (3, p, a, (3 and spacetime integrals of Q( ^tt, e M , e„) 
and Q( ^7r, e M , e u ) with fi,u = 3,4. We can thus extend the initial estimates (17) to every null 
hypersurface H u in our slab provided that we can bound all the double integrals on the right hand 
side of our integral identities. Now, both deformation tensors ^ir and can be expressed in 
terms of our connection coefficients x, cu, rj, rj, lu, x- Since Q is quadratic in R, to be able to close 
estimates for our null curvature components we need to derive sup-norm estimates for all our Ricci 
coefficients. This leads us to the second pillar of the construction which is to derive estimates for Ricci 
coefficients in terms of the null curvature components, with the help of the null structure equations 
(7). Combining these equations with the constrained equations, on fixed 2 surfaces S(u, u), and the 
null Bianchi identities we are lead to precise 5- weighted estimates of all Ricci coefficients in terms of 
5- weighted L 2 (H) and L 2 (H_) norms of all null curvature components and their derivatives. Thus, in 
a first approximation, the error terms in the above integral identities are quadratic in R and linear 
in their first derivatives. Therefore to be able to close one needs: 



(1) Derive higher derivative estimates for the curvature components. 

(2) Make sure that all error terms can be controlled in terms of the principal terms, in the 
corresponding energy inequality, or terms which have already been estimated at previous 
steps. 
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Note that 2) here seems counterintuitive in view of the large data character of the problem under 
consideration. Indeed, typically, in such situations one cannot expect to control the nonlinear error 
terms by the principal energy terms. The miracle here is that the error terms are either linear (in 
the main energy terms), or they contain factors which have been already estimated in previous steps, 
or are truly nonlinear, in which case they are small in powers of 5 relative to the principal energy 
terms. This is due to the structure of the error terms, reminiscent of the null condition, in which the 
factors combine in such a way that the total weight in powers of S is positive. 

In his work Christodoulou derives estimates for the first two derivatives of the curvature tensor by 
commuting the Bianchi identities with the vectorfields L, S = \{ue^ + we 4 ) and rotation vectorfields 
O. This process leads to a proliferation of error terms. Moreover not all error terms which are 
generated this way verify the following essential requirement, alluded above; that they lead to an 
overall factor of 5 C , with a positive exponent c, and thus can be absorbed on the left, for sufficiently 
small 5. Due to nonlinear interactions, Christodoulou has to tackle anomalous error terms which are 
0(1) in 5. Yet he is able to show, by a careful step by step analysis, that all such terms are, indeed, 
linear relative to terms which have already been estimated and thus only quadratic (i.e. linear in the 
principal energy norm) relative to the remaining components. They can therefore be absorbed by a 
standard Gronwall inequality. A similar phenomenon helps him to estimate, step by step, all Ricci 
coefficients. 



1.7. New initial conditions. As explained above the main purpose of this paper is to embed 
the short-pulse ansatz of Christodoulou into a more general set of initial conditions, based on a 
different underlying scaling. The new scaling, which we incorporate into our basic norms, allows 
us to conceptualize the separation between the linear and nonlinear terms in the null Bianchi and 
null structure equations and explain the favorable appearance of additional positive powers of 5 
in the nonlinear error terms mentioned above. Though the initial conditions required to include 
Christodoulou's data do not quite satisfy this scaling, the generated anomalies are fewer and thus 
much easier to track. 

We start with the observation that a natural alternative to (15) which comes to mind, related to the 
familiar parabolic scaling on null hyperplanes in Minkowski space, is 



This does not quite make sense in our framework of compact 2-surfaces S(u,u), unless of course one 
is willing to consider the initial data Xo(u,iv) supported in the angular sector uo of size 82. Such a 
support assumption would be however in contradiction with the lower bound in (13) required to be 
satisfied for each uo e S> 2 . 

The following interpretation of (21) (compare with (16)) makes sense however. 



Xo(u,u) = 5 



^f (5-\, 6-Wu,), 



(21) 



^+f||V 4 fc V m Xo||LW)<°c, 



< k + m < N 



(22) 
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Just as in the derivation of (17) we can use null structure equations (7) and null Bianchi equations 
(8) to derive, from (22), 

5 l/2 \\a\\ L 2 {Ho) + \\P\\ L 2 {Ho) +5- 1/2 \\(p,a)\\ L 2 (Ho) + 5- 1 \m L 2 {Ho) < oo 

JIlVaH^Ho) + S 1/2 \\V(3\\ L 2 (Ho) + ||V(p,a)|| L2 ^ o) + r 1 / 2 ||V^|| L2( H ()) < oo, (23) 

5 3/2 ||V 4 a|U2^ o) +5\\V 4 (3\\ L 2 (Ho) + 5 1 / 2 ||V 4 (p, ( t)|| l2 ^ o) + \\V 4 (3\\ LHHo) < oo 

We refer to these conditions, consistent with the null parabolic scaling, as 5-coherent assumptions. 
Observe that, unlike in the Christodoulou's case, each V derivative costs a It turns out that 

proving the propagation of such estimates can be done easily and systematically without the need of 
the step by step procedure mentioned earlier. In fact one can show, in this case, that all error terms, 
generated in the process of the energy estimates are either quadratic in the curvature and can be 
easily taken care by Gronwall or, if cubic, they must come with a factor of 5 1 / 2 and therefore can be 
all absorbed for small values of 5. 

The main problem with the ansatz (21), as with initial conditions (22), however, is that it is incon- 
sistent with the formation of trapped surfaces requirements discussed above. One can only hope to 
show that the expansion scalar tr% along H u , at S(u,u), for some u ~ 1, will become negative 2 only 
in a small angular sector of size 5 1 / 2 . This is because, consistent with (23), condition (13) may only 
be satisfied in such a sector. 

At this point we abandon the ansatz formulation of the characteristic initial data problem for the 
Einstein-vacuum equations and replace with an hierarchy of bounds, which "interpolate" between 
the regular 5-coherent assumptions (23) and the estimates (17)-(18) following from Christodoulou's 
short pulse ansatz. 

At the level of curvature the new assumptions correspond to: 

<S|MU*(ffo) + \\P\\v>{H ) + 5- 1 ' 2 \\(p,a) \\ L 2 {Ho) + 5- 1 \\(3\\ L 2 {Ho) < oo 
ailVall^) + 5 1 / 2 \\V(3\\ L 2 {Ho) + ||V(p,a)|| i2(Ho) + r 1 / 2 ||V^|| L2( H 0) < oo, (24) 
S 2 \\V A a\\LHH ) +S\\V 4 (3\\ L 2 {Ho) + 5 1 / 2 \\(V A p, V 4 a)\\ L 2 (Ho) + \\V A f3\\ L 2 {Ho) < oo 
Observe that, by comparison with (23), the only anomalous terms are ||o;||l 2 (h ) and ||V4a||x,2(jj ). 

In the next section we make precise our initial data assumptions, state the main results and explain 
the strategy of the proof. We close the discussion here with a summary of our approach 

(1) Replace the short pulse ansatz of Christodoulou with a larger class of data satisfying (24) 

(2) Prove propagation of the curvature estimates consistent with (24) through the domain of 
existence and show that these (weaker) estimates are sufficient for the existence result 



2 We could call such a region locally trapped, or a pre-scar 
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(3) The propagation estimates involve only the L 2 based norms of curvature and its first deriva- 
tives but generate nonlinear terms involving both the Ricci coefficients and its first derivatives. 
To close such estimates requires addressing two major difficulties 

• Regularity problem: show that the L 2 propagation curvature estimates are sufficient 
to control the Ricci coefficients (in L°°) and its first and even second derivatives in 
appropriate norms required by the nonlinear terms in the curvature estimates 

• ^-consistency problem: show that the nonlinear terms are either effectively linear in 
(curvature and its derivatives), and thus can be handled by the Gronwall inequality, or 
contain a smallness coefficient generated by an additional power of the parameter 8. Our 
approach, based on the weaker propagation estimates (24), is particularly suitable for 
dealing with this problem in that a) it generates fewer borderline terms of the first kind 
and b) it naturally lends itself to the introduction of a notion of scale-invariant norms 
relative to which the structure of the nonlinear terms and their 5-smallness become 
apparent and nearly universal. 

(4) The propagation estimates consistent with (24), and the corresponding Ricci coefficient esti- 
mates which it generate, are not strong enough to prove the formation of a trapped surface. 
However, once such estimates have been proved in the entire domain D(u ~ l,u — 5) it is 
straightforward to impose slightly stronger conditions on the initial data and show that they 
lead to spacetimes which satisfy all the necessary conditions to implement, rigorously, the 
informal argument presented above. 

2. Main Results 

2.1. Initial data assumptions. We define the initial data quantity, 

j(o) = 

sup I^\u) (25) 

0<«<<5 

where, with the notation convention in (16), 

Xo||l 2 (o,«) 

0<fc<2 

+ E E ^IK^v)™- 1 ^)^^!!^^) 

0<fe<l l<m<4 

Our main assumption, replacing Christodoulou's ansatz, is 

J<°) < oo (26) 

We show that, under this assumption and for sufficiently small 5 > 0, the spacetime slab T>(u, 5) can 
be extended for values of u > 1, with precise estimates for all Ricci coefficients of the double null 
foliation and null components of the curvature tensor. We can then show, by a slight modification 
of this assumption together with Christodoulou's lower bound assumption on f£ \xo\ 2 (see equations 
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14, 15 in [Chr]), that a trapped surface must form in T>(u ~ 1,8). As in the case of [Chr]) most of 
the work is required to prove the semi global result concerning the double null foliation. Once this is 
established the actual formation of trapped surfaces result is proved by making a slight modification 
of the main assumption (26) and following the heuristic argument outlined below. In addition we 
show that a small modification of the regular ^-coherence assumption leads to the formation of a 
pre-scar. 



2.2. Curvature norms. To give a precise formulation of our result we need to introduce the fol- 
lowing norms. 

K (u,u) : = ( o,«) + ||/3|L(o,m) + 8~ 1/2 \\(p,a)\\ ( o,u) + £~ 1 ||/3||„(o,») 

1J -u A± u - t± u — ±1 U 

fti(u,u) : = £||Va|| H (o,«) +5 1/2 ||V / 3|| H (o, M) + \\V{p,a)\\ H (o^ + 5- 1/2 \\Vf3\\ H (o^ 

+ <J||V 4 a|| H (o, S ) (27) 

Ko(u,u) ■ = 8\\/3\\ H (o,u) + ||(/0, cr)\\ H {o,u) + 5 _1/2 ||/5||^(o, U ) + S^WaW^u) 

Ki(u,u) : = 8\\Wf3\\ K (fl,u) +5 1/2 ||V(p )( t)||^(o, U ) + \\V§\\ K (°,u) +8- 1/2 \\Va\\ K <£,u) 

+ ^ _1 || V3«|| „(o,u) 



We also set 1Zq,1Zi to be the supremum over u,u in our spacetime slab of 7Zo(u,u) and respectively 
1Z\{u, u) and similarly for the norms TZ. Also we write TZ = TZo + TZi and TZ = TZ + TZ 1 . Finally, 
7^,(0) denotes the initial value for the norm TZ i.e., 



sup 

0<«<5 



Remark that the only V4 derivative appearing in the norms above is that of a. All other V4 
derivatives can be deduced from the null Bianchi equations and thus do not need to be incorporated 
in our norms. We denote the norms of a specific curvature component ip by Ho[i/j] and [■?/>]. 



2.3. Ricci coefficient norms. : We introduce norms for the Ricci coefficients x, tr%, 77, 77, u;, x 
and tr% = tr% — tr% , with trx o = — u _u+ 2 r ^ e vame °f ^ T X along the initial hypersurface H_ Q . 
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For any S = S(u,u) we introduce norms ^0(s,p)(u, u), 

{S) O ,oo(u,u) = 5 1/2 (||xlU-(5) + IMU-(s)) + IMU-(s) + \\v\\l°°(s) 

+ £ _1/2 (llx IU°°(s) + ll tr xlU°°(s) + IMU-(s)) 

{S) O 0A (u,u) = S^UWlhs) +5 1/4 MIl4 ( s) + r 1 / 4 (||r ? || L4(5) + llTyll^^) 

+ ^ 1/2 ||X \\l*(S) + ^~ 3/4 (l|t^||L4(5) + \\w\\n(S)) 

{S) 1A (u,u) = S^{\\V X \\lhs) + Hl HS) ) +5 1 / 4 {\\Vt 1 \\l H s) + ||V 2 |U4 (S) ) 

+ 5~ 1/4 (I|Vx||l4 ( 5) + k|| L 4 (s) ) 

(S) 01, 2 (u,u) = 5 1/2 (||Vx||l2(5) + M|L4(S)) + ||V77|| L2 (Sf) + \\Vv\\v( S ) 
r-l/2/llv-r_ ll , n .11 \ 



Also, 



^ 1/2 (||VX|| L 2 (5) + \\U\\ L 2 {S) ) 

{H) 0(u,u) = 5 1/2 (||V 2 x|| L2(M o„) ) + ||V^|| L2(M o,„ ) ) 

+ (II v2 ^IIl2(M°*)) + W^vW^h^) 

+ ^ 1/2 (l|V 2 X|| L2(ff (0,M)) + IIVVH^^fO.M))) 



and, 



(28) 



®0(«,u) = 5 1 / 2 (||V 2 x|| L2( ^) ) + ||V 2 c|| L2( ^o, ll)) ) 
+ (l|V 2 77|| i2G tf(o, u)) + IIV^H^^o,.))) 

+ ^ 1/2 (llv 2 x|| L2( ^)) + llvVll^^.,.))) 

We define the norms (5) £>o,4, (s) C?i j2 , (s) <9i,4, to be the supremum over all values of u,u 

in our slab of the corresponding norms. Finally we set set total Ricci norm O, 

0= (*)0o iOO + (5) O ,4+ {S) O ia + W 0iA+ {H) 0+ w 

and by the corresponding norm of the initial hypersurface H . We further differentiate between 
the first order norms 0[\] = ^Oq,4 + ^0i,2 and second order ones, 0[ 2 \ = ^Oi^. 

2.4. Main Theorems. We are now ready to state our main result. The first result follows from 
analyzing assumption (25) on the initial hypersurface H . 

Proposition 2.5. In view of our initial assumption (25) we have, for sufficiently small 5 > 0, along 
Ho, 

n (o) + O (o) < j(0) (29) 
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The proof of the proposition follows by analyzing the null structure and null Bianchi equations 
restricted to the initial hypersurface H , as in chapter 2 of [Chr]. In view of this result we may 
replace assumption (25) with (29), as an initial data assumption. Alternatively we may assume only 
that IZ^ < 2"(°). It is not too hard to see, following roughly the same steps as in the proof of 
proposition 2.5, that, for small 5, we would also have < X^°\ 

Theorem 2.6 (Main Theorem). Assume thatlZ^ < X^ for an arbitrary constant X^. Then, there 
exists a sufficiently small S > such that, 

7Z + 7Z + < J (0) . (30) 

Theorem 2.7. Assume that , in addition to (25), we also have, for 2 < k < 4 

^\\(5^V) k Xo\\m ,u)<e (31) 

for a sufficiently small parameter e such that < 5 <C e. Assume also that xo verifies (13). Then, 
for 5 > sufficiently small, a trapped surface must form in the slab V(u fa 1,5). 

Proof. We sketch below the proof of theorem 2.7. 

Step 1. We reinterpret (31) in terms of the curvature norms according to the following: 

Proposition 2.8. Under the smallness condition (31) the initial curvature norms satisfy, in addition 
to the estimates of proposition 2.5, 

5 1/2 ||V/?||^) + ||VG9,<7)|| H (o, 4 ) +r 1 / 2 ||V/3|| H (o,, ) < e. (32) 
The proof is standard and will be omitted. 

Step 2. We show, see the end of section 15, that this condition can be propagated in the entire slab 

Proposition 2.9. Under the assumptions (31) we have, uniformly in u < l,u < 5 , for 5 sufficiently 
small, 

^ 1/2 ||V/3||^ C o,m) + \\V(p,a)\\ Hi0 ^ +r 1 / 2 ||V/5|| //( o„ ) < e. 

1 1 u 1 1 u — 1 1 u {QQ\ 

<5 1/2 ||V(p,a)||^(o, u) + WVPW^ +r 1/2 ||V«||^) < e. 

Step 3. We return to the system (9)- (10), 

V 4 trx + ^(trx) 2 = ~\x\ 2 ~ 2^trx 

V 3 X + ^trxx = V§r] + 2u_x ~ ^XX + V®V 

responsible, as we have seen, for the formation of a trapped surface. Theorem 2.6 implies that 
the terms ignored in our heuristic derivation are negligible. Specifically, the bounds |o;trx| < 5~z, 
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\to_X\ + \trxx I + Iv^vl ~ 1 should be compared to the principle terms of size 5™ 1 and 5~z in the first 
and the second equation respectively. We can also easily verify the other bounds in (14) with the 
exception of that for V®^. The additional condition (31) is imposed in fact precisely in order to 
assure that the linear term V®^ in (10) is sufficiently small. To control this term we rely on the 
following proposition. 

Proposition 2.10. Under the assumptions of Theorem 2.7 the solution ^(f) of the problem Vg 3 ^ = 
V®?7, with trivial initial data on H , verifies, 

1^01 KCS-^ei (34) 

The proof of proposition 2.10, which appear is section 15.12, depends on the arguments of section 11, 
in particular proposition 11.12. The argument for the formation of a trapped surface then proceeds 
as above with a renormalized quantity (x — ^ <P) m place of x- Note that in view of the estimate on 
( 3 )0 the size of (x — ^ 4>) is comparable to that x- An important comment in this regard, is that our 
curvature propagation estimates does not allow us to control the L°° norm of V®r/, let alone prove 
the bound stated in (14). This regularity problem, which is discussed in the two remarks below, is 
resolved with the help of the renormalized estimates for the Ricci coefficients in section 11, of which 
Proposition 2.10 is an important example. □ 

Remark 1. We remark that while a loss of derivatives occurs when passing from assumption (26) 
to assumption < in the main theorem, no further derivative losses occurs in (30). 
Remark 2. By contrast with [Chr], where two derivatives of the curvature and up to three deriva- 
tives of the Ricci coefficients are needed, here we need only one derivative of the curvature and 
two of the Ricci coefficients. This is due to our new refined estimates for the deformation tensor 
of the angular momentum vectorfields O. As mentioned above these vectorfields are needed to de- 
rive estimates for the angular derivatives of the null curvature components. These new estimates 
for the deformation tensor of the angular momentum vectorfields O are based on the renormalized 
estimates for the Ricci coefficients developed in Section 11. Together with the trace estimates for the 
curvature components, which serve as a replacement for the failed H 1 ^) C L°°(S) embedding on a 
2-dimensional surface S, proved in Section 12, they allow us to limit the degree of differentiability 
required in the proof to the L 2 norms of curvature and its first derivatives. Similar ideas related 
to the gain of differentiability via renormalization and trace estimates were exploited in our earlier 
work [K-R: causal]. 

Our next and final result concerns the formation of a pre-scar in an angular sector of size 

Theorem 2.11. Let e be a small parameter such that < 5 C e. Assume that the initial data Xo 
satisfies 

$ 1/2 \\Xo\\l™ + E e||( e - 1 ^Vr(5V4) fc Xo||L 2( o,M)<oo 

0<fc<l 0<m<4 
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and that the lower bound in (13) is verified in angular sector uj G A of size 82. Then, for 5 > 
sufficiently small, a pre-scar must form in the slab V{u ~ 1,6), i.e. the expansion scalar trx(u,u,u) 
becomes stricly negative for some values of u ~ 1, u — S and all u e A. 

Remark. Theorem 2.11 corresponds to the initial data consistent with the ansatz 

and localized in an angular sector of size 8^e~ x . This should be compared with the data discussed 
in (21). As in Theorem 2.7 additional smallness provided by the parameter e is only needed to 
guarantee the formation of a pre-scar but not required for the proof of the existence result. A direct 
comparison shows that the data of Theorem 2.11 is significantly more regular than that of Theorems 
2.6 and 2.7. In particular, it essentially corresponds to the 5-coherent assumptions, consistent with 
the natural null parabolic scaling discussed in (23). Thus the proof of Theorem 2.11 is significantly 
easier than that of our main result and will be omitted. 

2.12. Strategy of the proof. We divide proof of the main theorem in three parts. In the first 
part we derive estimates for the Ricci coefficients norms O in terms of the initial data and the 
curvature norms 7Z. More precisely we prove: 

Theorem 2.13 (Theorem A). Assume that < 00 and 1Z < 00. There exists a constant C 
depending only on and 1Z, TZ such that, 

O <C(O {0) ,K,K). (35) 

Moreover, 

{S) OoAx] < {O) + C(1^,TZ, TZ) 5 l " (36) 

We prove the theorem by a bootstrap argument. We start by assuming that there exists a sufficiently 
large constant A such that, 

{5) Oo,oo < A„. (37) 

Based on this assumption we show that, if 5 is sufficiently small, estimate (35) also holds. This allows 
us to derive a better estimate than (37). 

In the second part we need to define angular momentum operators O and show that their deformation 
tensors verify compatible estimates, stated in Theorem B, at the end of section 13 . 

Finally in the last and main part we need to use the estimates of Theorems A and B to derive 
estimates for the curvature norms 7Z and thus end the proof of the main theorem. 



Theorem 2.14 (Theorem C). There exists 5 sufficiently small such that, 

TZ + TZ<1 



(38) 
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Theorem C is proved in sections 14 and 15. 



2.15. Signature and Scaling. Our norms are intimately tied with a natural scaling which we 
introduce below. 

Signature. To every null curvature component a, /3, p, a, (3, a, null Ricci coefficients components 
X, C, f]-, 00 1 ^-i an d metric 7 we assign a signature according to the following rule: 

sgn{<t>) = 1 • N A {4>) + l - ■ N a {<t>) + • N 3 (cj>) - 1 (39) 

where -/V 4 (0), -/V 3 (0), N a (<j)) denote the number of times e 4 , respectively e 3 and (e a ) a= i j2 , which appears 
in the definition of 0. Thus, 

sgn(a) = 2, sgn(P) — 1 + 1/2, sgn(p,a) = l, sgn{f3) = \/2, sgn(a) = 0. 

Also, 

sgn(x) = sgn(uj) = 1, sgn((, 77,77) = 1/2, sgn(x) = sgn(Lu) = sgn{j) = 0. 
Consistent with this definition we have, for any given null component 0, 

s£fn(V 4 0) = 1 + agn((j>), sgn(V(j)) = ^ + sgn((p), sgn(V 3 (p) = sgn((p). 
Also, based on our convention, 

s#n(0i • 02 ) = sgn(<f>i) + sgn((p 2 )- 

Remark. All terms in a given null structure or null Bianchi identity (see equations (47)-(53)) 
have the same overall signature. 

We now introduce a notion of scale for any quantity which has a signature sgn(0), in particular for 
our basic null curvature quantities a, j3, p, a, j3, a and null Ricci coefficients components x, C? Vi Vi u i 
This scaling plays a fundamental role in our work. 

Definition 2.16. For an arbitrary horizontal tensor-field 0, with a well defined signature sgn(4>), 
we set: 

sc(0) = -sgn(<P) + X - (40) 

Observe that sc(Vl0) = sc(0) — 1, sc(V0) = sc(0) — |, sc(Vl0) = sc(0). For a given product of two 
horizontal tensor-fields we have, 

sc(0i • 2 ) = sc(0i) + sc(0 2 ) - - (41) 
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2.17. Scale invariant norms. For any horizontal tensor-field ip with scale sc(ip) we define the 
following scale invariant norms along the null hypersurfaces H = Hu'^ and B_ = H^' l \ 



(42) 



We also define the scale invariant norms on the 2 surfaces S = S u ,u, 
In particular, 



c U ( S) = 5- sci ^U\\LHs) (43) 



c U (s) = 5- s «^U\\ LHS) , ||^||r- ) (5) = ^ ) ||^||L- ( s) 



Observe that we have, 



^ )( «<«, = s "flWli(«i*' Mq^-l'Mk*™** (44) 

We denote the scale invariant L°° norm in V by HV'IU 00 ■ 

Remark. Observe that the noms above are scale invariant if we take into account the scales of the 
L? noms along H and H_ , given by, 

sc ( II Wl*(h°J) ) = !> sc ( II WlH^) ) = \ sc( || \\ LP{S ) ) = X ~. 
Moreover they are consistent to the following convention, 

V 4 ~ <5 _1 , V~5~2, V 3 ~ 1 

In view of (41) all standard product estimates in the usual LP spaces translate into product estimates 
in £( sc ) spaces with a gain of <5 1//2 . Thus, for example, 

ll^i-^2||/* c)(s) < 5 1/2 ||^ilk &) (5) • \\H\cl c) (s) (45) 

or, 

II^1-^2||£» tc) (H) < ^IIV'llU^W \\H\cl c) (H) (46) 

Remark 2.18. If / is a scalar function constant along the surfaces S(u,u) C V, we have 

\\f-^\\ci c) ( S )<U\\c U (s) 

or, if / is also bounded on H, 



\\f ■ Hcl c) (H) < W\cl c){ H) 



This remark applies in particular to the constant trv = 



4 



2r +u-u' 
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We can reinterpret our main curvature and Ricci coefficient norms in light of the scale invariant 
norms. Thus (27) can be rewritten in the form 3 , 

K (u,u) : = 5 1/2 \\a\\ 2 f (o,^ + \\(P, p, a, (3)\\ 2 

(sc) *> u ' (sc) V u ' 



Ki(u,u) : = 5 1/2 ||V 4 a|L 2 fff (o,«^ + ||V(a,/3,p,<7,/?)|L 2 r „(o,j. 



U))) 



Tl (u,u): = 5 1/2 \\(3\\ 2 . ( „,o). + || (p, 0", /3, a) 1 1 r2 ,„ ( o, u k 



Tli(u,u): = ||V 3 a|L 2 (H (u,o) ) + \\V{P,p,a,P,a)\\ 2 fH (o,«), 

(sc)^ — — ' ( sc ) — — 



Remark 2.19. All curvature norms are scale invariant except for the anomalous || or || 2 ,„(o,uh, 
||V4a|L 2 c^(°^)' ) an( i Il/^llr2 ffl-("' )v By abuse of language, in a given context, we refer to a, re- 

(sc)\ 11 ' (sc)^ — — ' 

spectively ft, as anomalous. 

To rectify the anomaly of a we introduce an additional scale-invariant norm 

K S [a] := sup \\a\\ C 2 {SH) , 

where S H is a piece of the hypersurface H = H®' 5 obtained by evolving a disc S$ C S U:0 of radius 5^ 
along the integral curves of the vectorfield e 4 . 

The Ricci coefficient norms (28) can be written, 

{s) O ,oo{u,u) = \\(x,uJ,v,V,trx,X,^)\\c^ sc) (s) 
^O 0A (u,u) = 5 1/4 (||xll^ c) (5) + llxll^ c)( 5)) 
+ ||(trx,o;, 77, 77,trx,^)||£2 {s) 

— — (sc) v ' 

(s) 1A {u,u) = \\V(x,u,V,y,toX,X,u)\\cf tc) iS) 



(sc) 



(S) 



{H) 0(u,u) = ||V 2 (x,^,^,^,trx,X,^)llr2 ( H ^u 

(sc) V u 



Remark 2.20. All quantities are scale invariant except for x,X i n the C^ SC ^(S) norm. 

As before we complement the anomalous norms for x, X by the local, non-anomalous, scale-invariant 
norms 

O s \x\(u,u) = sup \\x\\ c * { 5 S) , O s [x](u,u) = sup \\x\\ C f 

g ScS (sc) - SS( _ S (sc) 

where 5 S is a disk of radius 5^ obtained by transporting from the initial data embedded in S u p. 



3 We use the short hand notation ||(/3, p,a,0) || £2 fi? (o,«K = ||/3|L 2 (H V.»>) + l|p|| £ 2 (H (.o,»u + |k|L 2 (H (.o,»u + ■ ■ ■ 



trapped surfaces 
3. Main equations. Preliminaries 
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3.1. Null structure equations. We recall the null structure equations (see section 3.1 in [K-Ni] or 
[Chr].) 

V 4 X = -X ■ X - - a 
V 3 X = -X-X- 2c^X - a 
V 4 r? = -X ■ (V ~ V) ~ P 

V 3 ^ =-X-(v~v)+P (47) 

3 1 11 

V A u = 2uju+ -\r]-rf - - (77 — ZZ) ' (v + v) ~ + V_\ 2 + ^ p 

3 1 11 

V 3 ^ = 2lulu+ -\rj- rf + -(rj - rf) ■ (rj + rf) - - \rj + rf + -p 

and the constraint equations 

div x = ^Vtrx ~ ^(V ~ V) ■ (X ~ \^x) - P, 

div x = ^Vtrx + ^(v ~ V) ■ (x ~ ^ry_) + P ^ 
curl i] = —curl r\ = a + x Ax 

K = -p+^x - X ~ |trx • try_ 

with K the Gauss curvature of the surfaces S. The first two equation in (47) can also be written in 
the form, 

V 4 tr X + ^(tr X ) 2 = -|x| 2 - 2wtr X 

V 4 X + trxx = -2ux - a 

! (49) 
V 3 trx + -(trx) 2 = -2^trx - \x ? 

V 3 x + trx X = -2^X - a 



Also, with p = p - \x ■ X , 



V 4 tr\; + -tr%trx = 2utrx + 2p + 2div r\ + 2\i]\ 2 
V 3 trx + Jtrxtrx = 2cjtrx + 2p + 2div r) + 2\r]\ 2 



(50) 
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and 4 , 

V 3 X + \^XX = V®r? + 2u_x - Jtr^X + r]®7] 

1 ~ 1 ^ 

V 4 X + 2 tr ^X = V % + ~~ 2 tr -^ + -®- 

Remark. The transport equations for uj and u in (47) are obtained from the null structure equation, 

V4W + V3CJ = ( ■ (i] — i]) — i] ■ r/ + AtULO + p 

and the commutation relation, for a scalar / (see proposition 4.8.1 in [K-Ni]) 

[V 3 , V 4 ]/ = -2uV 3 f + 2uN,f + 4C • V/ (52) 

applied to / = logf2. 

3.2. Null Bianchi. We record below the null Bianchi identities (Observe that we can eliminate 
C — ^(v ~ v) i n the equations below), 

V 3 a + ^trxa = V§/9 + Aua - 3(xp +* X<r) + (C + 

V 4 /3 + 2trx/9 = div a - 2uj(3 + 77a, 

V 3 (3 + trx/3 = Vp + 2ujj3 +* Va + 2 X ■ §_ + 3(?pp +* V a), 

V 4(T + ^tr X a = -div *(3 + l -x •* a - ( •* (3 - 2r) ■* [3, 

V 3 a + ^xp = -div *P + l - X •* a - ( ■* §_ - 2 V •* 0, 

3 1 
V 4 p + 2 tr XP = div P - 7>X ■ a + ( ■ P + 2r? • (3, 

3 1 
V 3 p + 2 tr XP = -div (3- -x-a + (- f3-2r]- (3, 

V 4 /3 + tr X P = -Vp +* Vcr + 2uP + 2x ■ (3 - 3(??p -* rp), 
V 3 {3_ + 2trx/5 = -div a - 2uj3_ + r? • a, 
1 

V 4 a + -trxa = -V<g>/3 + 4u;a - 3(xp -* x<r) + (C — 4^)<8»^ 

We record below commutation formulae between V and V4, V 3 : 
Lemma 3.3. For a scalar function f: 

[V 4 ,V]/ = ifo + ^AJ-x-V/ (54) 
[V 3 ,V]/ = ^(r ? + !Z ) J D 3 /-x-V/, (55) 



(53) 



4 



Recall the notation (u®w) a b = w a w& + u b v a — (u ■ v)<W 
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For a 1-form tangent to S: 

[D 4 , V a ]U b = -XacV c U b + e ac *(3 b U c + hr] a + T])D A U b 

z — a 

- -XacV^Uc + XabV-U 

[D 3 ,V a ]U b = -xJ7 c U b + e ac *d b U c + ^(r) a + riJD 3 U b 



In particular, 



XJlbUc + X^V'U 



[V A ,dtv}U = -\trxdivU -x-VU - 13-U + hr] + rj)-V A U 

Z Z 

- V-X-U -^trxv-U + trxv-U 

[V 3 ,div]U = - l -trxdivU - X -VU + §_■ U + \{r] + rj) ■ V A U 

Z Z 

- vx-u -^trxn-u + trxn-U 



3.4. Integral formulas. Given a scalar function / in V we have 5 , 
d 



du 
d 

du 



f=t (j~ + ^f)= f ^Hf)+tT X f) 

,u) JS(u,u) a ?A JS(u,u) 

f=[ {^- + ntrxf)=[ n(e 3 (/)+trx/) 

'S(u,u) JS(u,u) au JS(u,u) 

As a consequence of these we deduce, for any horizontal tensorfield tp, 

\\HUs(u,u)) = Mh(s(u,o))+ I 2Q(^-V4^+^tr X ^| 2 ) 

\\ ^\\Us(u,u)) = \mh(s(o,u)) + f 2Q^-V^+ 1 -trx\^\ 2 ) 
Proof. The first formula in (56) is derived as follows, 

JO "™ JS(u,u) 

= U\\h(8 M ) + / (0il() 2Q^.V^+ 1 -tr X m 2 ) 
5 see for example Lemma 3.1.3 in [K-Ni] 



22 



SERGIU KLAINERMAN AND IGOR RODNIANSKI 



The second formula is proved in the same manner. 



□ 



3.5. Hodge systems. We work with the following Hodge operators acting on the leaves S = S(u, u) 
of our double null foliation. 

(1) The operator T> 1 takes any 1-form F into the pairs of functions (div F , curl F) 

(2) The operator V 2 takes any S tangent symmetric, traceless tensor F into the S tangent one 
form div F. 

(3) The operator *T>\ takes the pair of scalar functions (p, a) into the «S-tangent 1-form 6 — Vp + 



(4) The operator *T> 2 takes 1-forms F on S into the 2-covariant, symmetric, traceless tensors 



The kernels of both T>\ and T> 2 in L 2 (S) are trivial and that *T> 1 , resp. *T> 2 are the L 2 adjoints of 
T>i, respectively T> 2 . The kernel of *T>i consists of pairs of constant functions (p, a) while that of 
*T> 2 consists of the set of all conformal Killing vectorfields on S. In particular the L 2 - range of T>\ 
consists of all pairs of functions p, a on S with vanishing mean. The L 2 range of T> 2 consists of all L 2 
integrable 1-forms on S which are orthogonal to the Lie algebra of all conformal Killing vectorfields 
on S. Accordingly we shall consider the inverse operators X>j~ 1 and T) 2 X and implicitly assume that 
they are defined on the L 2 subspaces identified above. 

Finally we record the following simple identities, 



*V<7. 




i?7 with £i?7 the traceless part of the Lie derivative of the metric 7 relative to F, i.e. 
(St)o6 = ^bF a + V a F b - (div F) lab . 



*T>i ■ T>i = —A + K, V 1 - *£>i = -A 
*V 2 -V 2 = ~\^ + K, V 2 -*V 2 = -^(A + K) 



(57) 
(58) 



Proposition 3.6. 



Let (S*, 7) be a compact manifold with Gauss curvature K. 



i.) The following 



identity holds for vectorfields ip on S: 




(59) 



ii.) The following identity holds for symmetric, traceless, 2-tensorfields tp on S 




(60) 



6 Here (*Va) =e ab 
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iii. ) The following identity holds for pairs of functions (p, a) on S: 

[ (|Vp| 2 + |W| 2 )= / |-Vp+(Van 2 = / \*V x {p,a)\* (61) 
Js Js Js 

iv. ) The following identity holds for vectors ip on S, 

[ (\V4>\ 2 -K\^)=2 [ \*V 2 ij,\* (62) 
Js Js 



4. Preliminary estimates 

As explained in the introduction the proof of Theorem A is based on the bootstrap assumption (37), 
i.e. 

{5) 0O,oc < Ao. 

In this section we use this bootstrap to prove various preliminary results. In the following three 
sections we then derive estimates for the Ricci coefficient norms ^Oo^, ^Ci,2 and ^0\^ respec- 
tively. 

4.1. Preliminary results. We prove here results which follows easily from our bootstrap assump- 
tion. ^C^oo < A . We first derive an estimate for VL. To do this we use the definition of 
u = -±V 3 logft = iQVsiQ)- 1 = Thus, since Or 1 = 2 on H , 

||^ 1 -2|| L o 0(u , u) < / \\u\\ LO o {<v) du'<S^ 2 ^O ,ook]<5 1/2 A 

Jo 

Thus, if 5 is sufficiently small we deduce that \Q — \\ is small and therefore, 

< n < 4. (63) 



2 

1 

4 

We now prove the following proposition. 



Proposition 4.2. Under assumption (37) we have the following estimates for an arbitrary horizontal 
tensor-field tp, 



^\\l^u,u) < IMU 2 («,o) + / ||V 4 ^||l2(«,m')^ / 

J ° f u (64) 







More generally the same estimates hold in L P (S) norms. 
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Also, 

\h(u,u) £ IMI £»(„,()) + II V'll^^o^^V^ ll L2(H ( ^) 

»(u,u) ~ II^IIl2(o,«) + II^II l2( h(o.«))IIV4^|| l2( h(o.«)) 

Corollary 4.3. Under the same hypothesis, 



(65) 



(66) 



(67) 



II ^\\q sc) {u,u) £ U\\q sc) { U fi) + J $ ^Mci^iu^du 

l|V 3 ^ll^ c)KiM) du' 

and, 

% c)(u ,,) ^ l^ll^ c)( o,,) + II^II^^jIIv^II^chco..)) 

Afore generally, let S' C and S^, u; S^ u , are obtained by evolving S' along the null generators of 
H_ u , H u respectively. Then 

f- _ 1 

II V>ll/- c) (5') < IMIz- c)( s;, o) + / S-'WV^ + -trx4>\\c Ui s> uul ) du' 

J ° f u 1 P (68) 

II ^\\c U (s>) < W\\q, c) (s> j + J o l|V 3 ^ + p trxi>\\c* 3c) (S' ul j du' 

Proof. The corollary follows immediately from the proposition and definition of the scale invariant 
norms. The last statement of the corollary follows by applying (66) to the function ^0, where the 
cut-off function \ is fi rs t defined on £y„ as the characteristic function of S' and then extended by 
solving the transport equations V4X = and V3X = 0. 

To prove the proposition we first make use of (63) and (37), 

lltrxlU- < A H 

and deduce from the first equation in (56), 

II nh(s(u,u)) < IMIi*(s(«,o)) + / / H |V 4 ^ + ^tr X V| 

J0 JS(um') a 



< 



JS(u,u') 

\\Wv{S)(\\VM\v(S) + ^8-z\ m ^j 

nu nu 
h(S(u,0)) + ll^l|L 2 (5)||V4^||L 2 (5)+A r 1 / 2 / M 2 LHS) 

Jo Jo 
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Thus, by Gronwall, since u < 5, 



h(S(u,u)) £ 11^11^(5(^0))+/ ||V4^||L2( U ,«0 • W\v>(u,u>)dri 



pu 

I ||v 4 ^I|l2( U ^ 

Jo 

from which we easily derive the V4 equations in both (64) and (65) 



To prove the V3 estimates we need to take into account the anomalous character of tr%. From 
bootstrap assumption we deduce (recall that trx Q = — u _^ +2 i s the flat value of tr%) , 



Thus, 



\h(S(u,u)) S U\\hs(o,u))+ I I ^l|V 3 ^ + ^trx^| 



JS(u',u) 



ril^l|L 2 (5)(l|V3^|U 2 (5)+Ao5 1/2 ||^|| L2 (5)) 

Jo 

pU 

+ / l|trx |U~IMl! 2( s) 

JO 

pu 

< MhM0,u))+ / ||^||L 2 (5)(||V3^|U 2 (5) + (l+Ao5 1/2 )||^|| L2 (5)) 
Jo 

Thus, using Gronwall and smallness of 5 1 ^ 2 A we deduce, 

pU 

II tP\\h(S(u,u)) ^ \\^\\h(S(0,u)) + / II^I|l2(5)||V 3 ^||l2(S) 

Jo 

from which both (64) and (65) follow. 

We next prove an improved estimate for tr%. 

Proposition 4.4. For 5 1 / 2 A sufficiently small we have for all S = S(u,u), 

IMU~(S) ;$ a 2 

Proof. We recall that tr% verifies the transport equation, 

V 4 trx = -^(trx) 2 - |x| 2 - 2^trx 



or, 



^tr X = -fi(^(trx) 2 + |x| 2 + 2^tr X ) 
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Thus, since ||x,^||l°° J$ £ _1 ^ 2 Ao, 



||trxl|L°°(M,«) ^ / || x\\l°° (u,u')( II xIU°°(«,m') + 11^ IU°° («,«')) 

./0 



< A2 + ^ 2 Ao. 



□ 



4.5. Transported coordinates. We define systems of, local, transported coordinates along the null 
hypersurfaces H and H_. Staring with a local coordinate system 9 = (9 1 ,9 2 ) on U C S(u, 0) C 
we parametrize any point along the null geodesies starting in U by the the corresponding coordinate 
9 and affine parameter u. Similarly, starting with a local coordinate system 9 = (#\# 2 ) on V C 
S(Q, u) C H_ u we parametrize any point along the null geodesies starting in V by the the corresponding 
coordinate 9 and affine parameter u. We denote the respective metric components by 7^ and 7 afe . 

Proposition 4.6. Let 7° b denote the standard metric on § 2 . Then, for any < u < 1 and < u < 5 

and sufficiently small o~2 A 

\lab ~ 7a 6 | < ^A , |7 af) - 7afel < ^ A . 

In addition, the transported coordinates verify 

|V 3 # a | < 5A , \V9 a \<l 

iiv 4 ri < 5A , ivri<i 

/or a = 1,2. T/ie Christoffel symbols T a b c and T ab , obey the scale invariant estimates 7 

\\ r abc\\cl c) (s) ^ 0[i], ||^r a6c || £ 2 sc)(5) < C [2] , (72) 

l|r a6c || £ 2 sc) (5) < ll^r a6c || £ 2 sc)(5) < o [2] , (73) 

Proof. We will only show the argument in the case of 7^. In the transported coordinate system the 
metric 7^ verifies 

— 7ab = IVtXab- 

du 

Therefore, 

|7afe-7a b l<2 / |Xa b |<^A , 

Jo 

where in the last inequality we used that \xab\ < Ixll7 _1 | an d ran a simple bootstrap argument. 

The transported system of coordinates 9 a satisfies the system of equations 

V 4 9 a = 0. 

7 we can attach signature to T and T sgn(T) = |, sgn(T) = \ 
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Commuting these equations with V3 and taking into account the commutation formula (52) we 
obtain 

V 4 (V 3 a ) = 2ooV 3 e a - 4C • V0 a 

Using the bootstrap assumptions (37), the inequality \V9 a \ < 1 and the triviality of the data for 
V^9 a we obtain that 

|V 3 a | < 5A . 

To verify that |W a | < 1 we commute the transport equation for 9 a with V to obtain according to 
(54) 

V 4 (V0°) = -x ■ V0°, 
which together with the bootstrap assumption (37) gives the desired result. 

To prove (72) we differentiate the transport equation for 7 a t to obtain 

^ {dclab) = 2d c ttxab + 2ttd c Xab- 

Taking into account that 

\d c n\ < |VQ| < \ v \ + M, \d cXab \ < |v x | + |r|| x | 

we derive 

pU 

\\dc7ab\\L2(u,u) < / (\\v\\l4((u,u>) + \\v\\l*(u,u>)) ||xlU 4 (ti,u')^' 
JO 
nu 

+ / (II Vx|| L 2 («,«') + ||r|| L 2( u ,«')) \\x\\L°°( u ,u>)dy! 
Jo 

{S) O 0A [x] {S) O 0A [v,rj\ + (5) Oi, 2 [x] + <Ha / \\T\\ LHu , u/) dyf. 

Jo 

Thus, by Gronwall, 

l|r|| L2{ ^< ^o h2 + 8^^ol A 

The desired estimate for V follows by Gronwall. The second estimate of (72)can be derived by 
an additional differentiation of the transport equation. The estimates (73) are proved in the same 
manner. We omit the details. □ 



< 



4.7. Estimates for 7^q[o:]. Using the transported coordinates of the previous subsection we now 
derive estimates for TZq[oi\ norm of the anomalous curvature component a. 

Proposition 4.8. 

K[a](u)<n s [a](0)+n 
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S 



Proof. Recall that, ^[a] := sups HcH ||ai||£2 ,s H \, where H is the subset of H u generated by trans- 

(sc) 

porting a disk 5 S of radius 82 , embedded in the sphere S Ut0 , along the integral curves of the vectorfield 
e 4 . We denote by 5 Su the intersection between S H and the level hypersurfaces of u and by s S u / j u the 
sets obtained by transporting s Su along the integral curves of e 3 According to (68) 

[ u 1 

II «II^ 3C) (^) £ ll«ll/:?. c) ('So, fi ) + / II V 3 « + -trxa\\q ac) (ss u ,j du' 

J 

We note that (72) implies that s S u / j u are contained in the intersection of 25 H U > and the level hyper- 
surface of u. Therefore, 

r 1 

II a \\q, c) (>H u ) £ \W\cI c) (™h ) + J \\V 3 a+ -tTxa\\q sc)i 2s Hul) du' 
Using the equation for a 



V 3 a + ^tixa = V®/3 + Auxx - 3(xP +* xa) + (C + 4?7)g/3 



|| V 3 a + -trxa|| £ 2 ( 2^,) < II V 3 a + -try_a|U ( ^ ;) 



and the bootstrap assumptions (37) we obtain 

1 

< l|V/3|| £2sc)( ^,) + 6* (5) O ,oo • n < K + 5l A ^o 

It remains to observe that 

\W\\cI c) ^h ) < K 5 [a](u = 0), 
which follows from a simple covering argument. □ 

4.9. Calculus inequalities. 

Proposition 4.10. Let (S, 7) fre a compact 2- dimensional surface covered by local charts (disks) U i 
in which the metric 7 satisfies 

1 

YYij ~ "ij I — 2 ' 

Let d denote the minimum between 1 and the smallest radius of the disks U{. Then for any p > 2 

LHS) < ll^lli 2 (5)llV^|li 2(5) + rf-5||^|U 2{5) , (74) 

< ll^ll^llV^Hg^ + ^^11^11^. (75) 
More generally, 

L A (Ui) < Mh m \\^\\l(ui) + d^U\\ L2{uD , (76) 
< sup ^II^IIV^II^) + d-^U\\ LP{u >^ . (77) 
T7ie cfcA; U- is a doubled version ofU^. 
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We can combine the above proposition with Proposition 4.6 to obtain 

Corollary 4.11. Let S = S Ut u and S$ C S denote a disk of radius 5^ relative to either 9 or 9 
coordinate system. Then for any horizontal tensor ip 



\»(S)< U\\h { s)WWh { s) + W\\»(S), (78) 

=(5)<||^|l!!j 5) ||V^||^ s) + ||^|U,(5). (79) 
and 

U4 ( s 4 ) <^||V^|| L2( s M) + (J-3||^|| L2( s 24) , (80) 

U~(s) < sup (^||v^|| L 4 (5m) + rj||^|| L 4 (5M) ) . (si) 

SgCS v ' 

Also, in the scale invariant norms 

Corollary 4.12. Let S = S Uy u and S$ C S denote a disk of radius 5^ relative to either 9 or 9 
coordinate system. Then for any horizontal tensor ip 

^(^^II^II^^IIV^II^^ + 5\\\n cu ^ (82) 

\c U S) < ll^||f c)(s) ||V^||^ )(5) + ^||^|| £ , c)(5) . (83) 
and 

< HW>lb js 2S ) + 1Mb js 2S ), (84) 



c* 3c) (s s ) ~ II v ^||^ sc) (S 25 ) -r imiz* c) (s 24 ), 

4.13. Codimension 1 trace formulas. We will use the L 4 (S) trace formulas 8 along the null hy- 
persurfaces H and H, see [Chr-Kl], [K-Ni], [K-R:LP]. 

Lemma 4.14. The following formulas hold true for any two sphere S = S(u, u) = H{u) U H_(u) and 
any horizontal tensor ip 

UWlhs) < {MlHh) + l|v^|| i2w ) 1/2 (||^||L 2( H) + WvMl^h)) 1 ' 2 
UWlhs) < iUhnm + m\\ LHm ) 1/2 (\m LHm + l|v 3 ^|| L2(ffl ) 1/2 



Also, in scale invariant norms, 

8 Our bootstrap assumption are more than enough to verify the conditions of validity of these estimates. 
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Proposition 4.15. The following formulas hold true for a fixed S = S(u,u) = H{u) H H(u) C V 
and any horizontal tensor tp 



$ ^ /2 U\\c UH) + llv^ll^ c)W ) 1/2 (5 1/2 ll^ll^ c)W + \\vMc U(H) ) 1/2 



c Us) < (6 1/2 W\c Uim + llv^||^ c)(S ) 1/2 (^||^|| £ , sc)(S + ||v 3 ^ll^ c) (H)) 1/2 

4.16. Estimates for Hodge systems. Consider a Hodge system, 

Vi) = F 

with V one of the operators in section 3.5. In view of proposition 3.6, 

iWf + ^|Vf< ||F||i 2( 



2 (S) 



where, 



K = -p + ^X-X- ^trxtrx 
is the Gauss curvature of S. Hence, 

\\^\\h(S) < ll^llL 2 (5)ll^lli 4(s) + ||F||| 2(5) 

Making use of the calculus inequality on S, 

\mi H s) < w\\l H s) uwl^s) 

we deduce, 

IIW||£ a(s) S \\k\\ lHs) \\v^\\ L 2 {s) M lHs) + \\F\\h (s) 

and consequently, 

||V^||l2(5) ^ \\K\\ L 2 {S )\\^\\l2(S) + \\F\\ L 2(s) 

We state below the same result in scale invariant norms 
Proposition 4.17. Let ip verify the Hodge system 

ViP = F (86) 

Then, 

\m\c U s } < ^ 1/2 |l^ll^ c) (5)ll^ll^ c) (5) + ll^ll^ c) ( 5 ) (87) 



To obtain the second derivative estimates for the Hodge system Vip = F we apply the operator V* 
and write the resulting equation schematically in the form 



A*0 = Kijj + D*F. 
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Multiplying the equation by A^, integrating over S and using that ||D*F|| i 2^ < || V?/>||l 2 (5) we 
obtain 

l|A^||^(S) < 11^11^(5)11^11^(5) + ||VF|| L2(5) 
Using Bochner's identity, see e.g. [K-R:LP], 

llV^llz^) < \\K\\»w\\1>\\v°w + ||^||i 2(s) ||V^|U4 (5) + \\A^\\ LHS) . (88) 

we then obtain 

Proposition 4.18. Let ip verify the Hodge system 

Vi) = F (89) 

Then, 

l|V 2 ^||^ c)(5) < ^11^11^(5)11^11^,(5) +^||X||l ?3c)(5) ||V^|| £tc)(s) 

+ l|VF|| £ , sc){5) (90) 



5- (5) C ) o,4 AND (5) C ,2 ESTIMATES 

5.1. Estimates for x? 7 ??^- The null Ricci coefficients x, 1 ! an d ^ verify transport equations of the 
form, 

V 4 ^ (s) = V (si) '^ (S2) + (91) 

Sl+S 2 =S + l 

Here denotes an arbitrary Ricci coefficient component of signature s while denotes a null 
curvature component of signature s. In view of proposition 4.2 we have 

J 

To estimate || V 4 -^^ s ^ ^ u , u ') we make us of the scale invariant estimates 

Il0^ll^ c) (5)<5 1/2 ||0||^ c) (5)||^||^ c) (5) 

Hence, 

iiv 4 ^u^ c)(s) < ii^ (s+1) ii^ c)( 5 ) +^ E ii^ (si) ii^ c) ( S )II^ (S2) ii^ c) (^) 

Sl+S 2 =S + l 

At this point we remark that if all Ricci coefficient and curvature norms ^Oq^IZq were scale 
invariant we would proceed in a straightforward manner as follows, 

l|V 4 ^||^ )(S) < ||^ +1) |L tc)( 5)+^ /2(5) 0O,oo- ( ^0,4 

< ll^ (s+1) ll^ c)( 5) + 5 1/2 A - &O 0A 
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Hence 

< ||V (s) II^ c) ko)+^I^+^^o + 5 1/2 A - (5) O ,4, 

where in the last step we used the interpolation inequality (82) for the curvature \& s+1 . Thus, since 
the initial data is trivial along u = 0, 

We only have to be more careful with the cases when ||vj/( s+1 ) II c a (s) is anomalous, i.e. ^ = a, and 

both ip( Sl \ il;^ are anomalous. The first situation ( but not second) appear only in the case of the 
transport equation for \ while the second appear only in the transport equation for tr%. 

V 4 X + trxx = -2cjx - a 
V 4 trx + - (trx) 2 = -|x| 2 - 2wtrx 

Thus, for fixed u, we estimate with 5 Su denoting a disc of radius 5^ transported from the data at 
S ufi ( recall also the triviality of the initial data on H ), 

J 

Using (84) we obtain 

I ^WaWcf jss uu ,)du <\\ai\\ C 2 fa « H (o,«K + ||Va|L a fMff (o,«K < T^[a] + Ki[0\ 

Therefore, 

\\x\\c U (s Su _) < \mq„ } (>So)+^[<*]+M<*] + 8 1/2 Ao ■ {S) O 0A 
from which we derive both the scale invariant 5 estimate for x, 

(S) OUx] < K[a}+n 1 [a] + 5^A . &O 0A . (92) 
We can also estimate directly the anomalous ( s )(9o,4[x] from, 

J 

Using the scale invariant interpolation inequality (74) we deduce, 

11*11^ % IMl£ )rf ,, ■ HVa|l^ )(H ,., + ^\M\c U(H ^ + #** ■ <»<V 
Taking into account the anomalous character of TZ [a] and the definition of ^Oq^x], we deduce, 
{S) OoM < 7Jo[a] 1/2 (^i[a]+^o[a]) 1/2 + * 1/4 Ao- {S) O 0A (93) 
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On the other hand, 



\\^x\\cf sc) (u,u) < l|trx|| £ 4 3c)(U;0) + J 5 sAolltrxllr^^du' 

J 

< ||tr X || £ 4 3c)M) + ^A (5) Oo,4 
We summarize the results of the section in the following 9 . 

Proposition 5.2. Under the bootstrap assumption ^Co,oo < A and assuming that <5 1 / 2 A is 
sufficiently small we derive, 

(5) 0o, 4 [x] < TeoN^l^H + ^obD^ + ^Ao- (5) Co,4 

<?oK] < W[i] + * 1/2 Ao • (5) Oo,4 
5.3. Estimates for XiViW. The Ricci coefficients 77, x and verify equations of the form, 

Sl+S 2 =S 

with k a positive integer. Writing tr% = trx Q + tr%, with trx Q = — u _u+2r ' we derive 

V 3 ^ (s) = -^A;trx ^ (s) + ^ ^ (si) • ^ (sa) + * (s) (94) 

Sl+«2=S 

In this case we observe that the curvature term is never anomalous and the only time when both 
•0( Sl ) and are anomalous is in the case of the transport equations for x and tr%. In all other 
cases we can write, proceeding exactly as before, 



and, 

I|V3^ (S) ||^ C)(U , M ) < ll^ll^,,) + II^II^m) + ^ (5 ^0,oo • (S) O ,4 
9 Recall the triviality of our initial conditions at u = 0. 
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Thus, in these cases, 

U^ll^,,) < ll^ll^)^) + 1 ii^ (s) ii^)(«» + 51/2(s) ^- (s)( v 

< l^ (s) ll^ c) (o^)+^l^+^^o + 5 1/2 Ao- {S) O 0A 

Similarly, 

ll^ll,^) < 11^11^(0,,) + Ko + 5 1/2 A • (5) Oo,4 

It thus only remains to estimate tr%, x ■ We first estimate Oq[x] from the equation, 

V 3 X = -QL + trx X ~ trx X ~ 

Clearly, for fixed u 

IIVsX + \^XX \\c U (s Su ) < kllr^Cfi.) + II* llr^Cfi.) + 51/2 (5)0 o,oo • (5) 0),4 
and thus, after a standard application of the Gronwall inequality, 

pu 

llxll^ c)( «s„) < \\x\\c* ac) {'s ) + ll«ll^. c) ('s u ,) 

J 

Taking into account the scale invariant interpolation inequality (82) we deduce, 

llxll^ e) («*,) < \\x\\c tsc) (ss )+mh\ -Mia] + 5*K o [a]+5 1 / 2 A ^O 0A 
or, since \\x \\cf sc ^s ) < 

\\X \\c U ^s u) < {O) + m h] (M [a] + S^ia]) + 5^A <*>0 O>4 
Proceeding in the same fashion, 

11x11^,(4.) < \\x\\c U{ s 0) +Rlh] -Rite] + ^n G [a\ + ^ Ao ^o 0A 

Now, observe that the only anomaly on the right hand side is due to \\x \\c 4 (s )- ^ n f &c ^ 

(sc) 



< r 1/4 o (0) 



Thus, 

{S) Ooa\x } < {O) + [a] ■ Kl [a] + Sm o + S 3/4 A ^O , 

To estimate tr% = tr% — tr% we start with the equation 
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Since, D 3 u = Q \ D 3 u = we have, since trx = ~ M _ M 4 +2ro , 

Dgtrv = -ft -1 -try 2 
d Ao 4 Ao 

Hence, using trx = trx - trx o , 

V 3 t5 + trx -t5 = -^(fi- ^)tr^ + 2^trx -2^- |x| 2 (100) 

Now, taking into account the anomalous scaling of ^O ,4[x] and estimate, ||Q — ^\\ C 2 ( 5 ) < 
\\uj_Wc 2 (s) (which can be easily derived using the transport equation = uj) we derive, 



'(sc) 



V 3trx||^ c)(5) < lltrxll^ (s) + ||a;|| jCf (fl) + ^ ^O 0joo - (5) O ,4. 



from which, 



pu 

l|trx|| £ 4 sc)( „ !M) < ||trx|| £ 4 sc)(0)M) + / HVstrxll^^,^ 

J 

\M\cl sc) {u',u)du' 

+ / Mb f u/ , u) du' + S^A - (s) C 0i4 . 
Jo (SC)V ; 

By Gronwall, and using the estimate for u derived in the previous section, 

ysc) \ sc ) 

Thus, 

(S) O ,4N < (O) +W + ^O + ^A O - ^0 O ,4 (101) 

We summarize the result of this subsection in the following 
Proposition 5.4. We have, for sufficiently small S, 

is) OoAv,u] < o^ + n Q + nlm + 5^n + 5^A - ^o 0A 

{S) OoAx] < {O) + ■ m + tiEo + 5 3/4 A (S) O 0A 

{S) O 0A [t?x] < +K K 1 + 6 1 *1l + 6*A - (5) O ,4 

Also, 

o 5 {x] < o^ + nlm + sm + s^A . &o QA 
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5.5. Summary of ^©0,4 estimates. Putting together the results of the last two propositions we 
deduce the following. 

Proposition 5.6. There exists a constant C depending only on and 1Z such that, if 5 1//2 Ao is 
sufficiently small, we have, 

{S) O 0A < C (102) 

Moreover, 

{S) OoAx] < 72o[a] 1/2 (^i[a]+Wo[a]) 1/2 + * 1/4 C7 (103) 
{S) OoAx) < O^ + S^C (104) 

5.7. ^O 0j2 estimates. The following estimates will also be needed. 

Proposition 5.8. There exists a constant C depending only on and 1Z such that, if 5 1//2 A is 
sufficiently small, we have, 

{S) O ,2 < C (105) 

Proof. These are similar but somewhat simpler, once we already have the ^• ) C , o,4 estimates. Indeed, 
starting with (91), (dropping indices for simplicity) we write as before, 

and, assuming the worst case scenario when both terms in ip ■ ip are anomalous, i.e. both satisfy 



|V4^||^ sc) (5) < ll*ll^ sc) (5)+^ll' lk-; : .,. |( .s',ll'.'lk-«_ | f,s' ! 

: ( SC )( 



< lltflLa {s) ol 

S ll^ll^ c) (5)+C 2 . 



Thus, 



<J " 1 H*ll^ ic) K«') + cfl 

can only be the anomalous a in the case of the transport equation for \. Thus, 

11(^)11/- c)(u ,„) < TZo + C 2 

\\x\\ci sc) (u,u) < s- 1/2 n [a] 

or, with a constant C = C(C (0) , K, K), 
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The estimates for tr%, x ,^,V are proved in the same manner. 

□ 

6. 1 ESTIMATES 

6.1. General Strategy. To get the first and second derivative estimates for the Ricci coefficients 
we cannot proceed as we did in the previous section. Following a path first pursued in [Chr-Kl] 
and continued in [K-Ni], [K-R:causal] and [Chr] we introduce new quantities 10 Q( s \ with signature 
s, depending on first derivative of the Ricci coefficients and which verify transport equations of the 
form 11 

v 4 e (s) = trx(e (s) + v^ (s ~5)) + J2 ^ (si) (v^ (S2) + 

Sl+S2 + |=s+l 

+ y tr x ■ ^ (si) • ^ (s2) + Y ^ (si) ■ ^ {s2) ■ *P (sa) 

s 1 +s 2 =s+l s 1 +s 2 +s 3 =s+l 



(106) 



v 3 e (s) = trx(e (s) + w> {s ^ } ) + Y ^ (si) (W> (S2) + ^ (S2) ) 



+ y tr K ■ ^ (si) • ^ (s2) + Y ^ (S1) ■ ^ (S2) ' ^ ( 



Sl+S2=S Sl+S 2 +S3=S 



(107) 

Here ip^ are components of all the Ricci coefficients (tr%, x, lo, 77, 77, tr%, \ ) with signature s, while 
are curvature components with signature s. 

The main idea behind our strategy is to show that once we control the C 2 ^(S) norms of these 
quantities 6 we derive all 0\ estimates by using the elliptic Hodge systems. The most general form 
of such systems is given by 

Vl p(s) = @(s+§) + ^(s+§) +tr ^.^( S +§) + ^ V (S1 V (S2) - (108) 

Sl+«2=S+| 

where T> is one of the Hodge systems of section 3.5. Observe also that both Hodge systems have 
non- anomalous curvature source terms, (3, respectively (5 and no quadratic anomalies in ip (relative 
to the Oq norm). 

10 Differcnt components O appear in (106) and (107). It may in fact be more appropriate to call O the components 
which appear on the left of the V4 equation and by 6 those appearing on the left of the V3 equations. 



11 



We neglect to write possible constants in front of each term on the right of our equations 
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6.2. Explicit G variables and Hodge systems. In this section we introduce explicit variables 
0^) and derive transport equations of the type (106), (107). 

Transport-Hodge systems for x, X- First observe that the Codazzi equations 

11 1 

divx = -Vtrx- ^(v-v) ' (x ~ ^x) - P, (109) 

divx = ^Vtrx+ ^(v - rj) • (x ~ ^ tr x) + P (HO) 

can be written as Hodge systems of type (108). with V the Hodge operator V 2 , discussed in section 
3.5, and = Vtrx, resp. = Vtrx. 

We now derive a V4 transport equation for Vtrx. Using commutation formula, [V4, V]/ = \{rf + 
rj)Dif — x • V/, we obtain, 

V 4 Vtrx = -Vtrxtrx - 2trxVcu - 2cuVtrx - 2Vx • X (HI) 
X x 

+ 2 fa + ( " 2^ trX ^ ~~ 2utrX ~~ ^ _ X ' VtrX 

which is clearly of the form (106) with no curvature terms present and no triple anomalies (relative 
to the Co norm, i.e. among the cubic terms at least one of the factors are not anomalous). 

To derive a transport equation for Vtrx we start with the transport equation, 

V 3 trx = -^(trx) 2 + F, F = -2^try_ - |x ? = -2^trx o - I^X ~ \x ? 
Using the commutator formula, [V3, V]/ = — x • V/ + \{rf + rj)D 3 f we deduce, 

V 3 (Vtrx) = -X ■ Vtrx - ^trxVtrx - (V + ^(77 + v))F 
Or, writing trx = trx o + trx, we deduce, 

V 3 (Vtrx) = -x -Vtrx- ^trx Vtrx- ^tTxVtrx- (V + ^ (77 + ^)) F (112) 

This is clearly a system of the form (107) with no curvature terms present and no anomalous cubic 
terms. 

Transport- Hodge systems for fi, fi, V77, V77. We start with equation 

curl 77 = curl 77 = a + x Ax 
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We derive equations for div 77 and div rj by taking he divergence of the transport equations 

V 4 r/ = -itixiv - V) - X ■ (.V - V) - P 

v 3 ?7 =-\tTx(v-ri)-x-( , n-v) + P 

Using commutation lemma (3.3) we derive, 

V 4 (divr?) = div (-^trx(v ~ V) ~ X ■ (V ~ V) ~ P) 

- ^tr^div i] - x ■ Vr? - i] ■ (3 + ^(77 + rj) ■ V 4 r/ 

= -div (3 - ^trx(2div 77 - div 77) - (77 - 77) ■ (^Vtrx + div x) 

- X- V(2?7- rj) -ri-P+ ^(v + v) -V 4 77 



Using the null Codazzi equation, 



^ Vtrx + div x = Vtrx + ^(trx ~ P 



we derive, 



or, 



V 4 (div 77) = —div (3 — -trx(2div rj — div rj) — x ■ V(2i] — 77) — (77 — 77) • Vtr% 

- V-/3- ^trx(r] -rj 2 + ^(v + rj)( - ^tT X (v ~ v) ~ X ' (v ~ v) ~ P) 
= —div (3 — -tr%(2div r\ — div rj) — x • V(2t] — 77) — (77 — 77) - Vtr% 

- ^v + v) ■ P- ^x{\v\ 2 - v ■ y) -^(v + v)-x-{v-v) 



V 4 (div rj) + tr^div r\ = —div (3 + -tr%div 77 — x ' V(2?? — 77) — (77 — 77) • Vtr% 

11 1 

- 2 ( 3r l + V) ' P - 2 tr ^^! 2 -V-V) ~ ^(V + V) -X - (V-V) 



On the other hand, 



V 4 p + ^tr X p = div (3 - X -x ■ a + C • P + 277 • p 



Adding the two equations and setting, 
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we derive, 

1 11 
V 4/ u + trx/i = --trxdiv 77 + (77 - rf)Vtrx + X • V(2t? - 77) + • a - (77 - 377) • /3 + -trxp 



p = — div 77 — p 



Similarly, setting 
we derive, 

V 3 p + trxp = -^trxdiv 77 + (77-77)VtrY_ + X • V(2tt_ - v) + ^ X' QL-(v- 3t?) • /3 + ^tr^p 

+ ^rx(|77| 2 -77-77) + ^(77 + 77) -x ■ (V-V) 
We summarize the results above in the following. 
Lemma 6.3. The reduced mass aspect functions, 

p = — div 77 — p 

p = — div 77 — p 

verify the transport equations, 

1 11 

V A p + trxp = --trxdiv 77 + (77 - rj)Vtrx + X • V(2t7 - 77) + -£ • a - (77 - 377) • (3+ -trxp 

+ ^trx(\v\ 2 - V ■ V) + ^(V + V) ■ X ■ {V ~ V) (113) 

1 11 

V 3 p + trxp = --trxdiv 7] + r])Vtrx + x • V(2t? - 77) + - x • a - (77-377) ./3+ -£?~XP 

+ ^^(M 2 _7 Z'^) + 2^ + ^ ' (!Z - ^) ( 114 ) 

Remark 6.4. Observe that our mass aspect functions differ from those of [Chr-Kl] or [K-Ni]. Thus, 
in [K-Ni]), p = —div 77 — p + \x • X verifies (see equation 4.3.32 in [K-Ni]), 

~ 1 
V 4 /i + trx/i = x • (V<8)77) + (77 - 77) • (Vtrx + trxC) + 2 tr x(^ + div (77 - 77)) 

- ^tryjxl 2 + \^x{x • X + 2p - M 2 ) + 2(77 • X • V - 77 • (3) 

The reason we prefer our definition here is to avoid the presence of triple anomalous terms on the 
right hand side of the transport equations for p, p. 



We write (113) symbolically in the form, 

V 4 P = IP ■ (W> + * 9 ) + X • Oi + if} ■ if} ■ iflg 



(115) 
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which is of the form (106), with ip g G {tr%, x, 77, 77, cu, lu, tr%} and ^/ g G {/3, p, a 13}. We can also write, 
in shorter form, 

V 4 /i = 4> ■ (W> + *) + if} ■ ifj ■ ifjg 

and recall that ip ■ \1/ contains the more difficult term x ' a anomalous in both ip and 

We also rewrite (114) symbolically. In this case we have to keep track of the terms proportional to 
trx = trx o + tr%. We thus write symbolically, 

V 3 /f = trx (V^ + ^)+^-(V^ + ^ s )+^-/3 + trx V'-^ + ^-^-^ 

(116) 

Here ^ g G {p,&, (3, a}. Observe that at least one of the factors ip in trx ip ■ ip g and ip ■ ip ■ ip g can 
be anomalous. Unlike in the case of V4P equation, there are no terms of the form ifj ■ f3 with ip also 
anomalous (recall that (3 is anomalous for 7Z ). 

We combine the transport equations (115) and (116) with the Hodge systems, 

div i] = —p — p (117) 



1 . . 

curl r] = a — ~x A x 



and, 



div i] = —p — p (118) 

curl 77 = cr-^Ax (119) 

They are both systems of type (108). Note that the quadratic term x ' X is anomalous with respect 
to both factors. 

Transport-Hodge systems for k, k, Vu;, Vu;. We look for transport equations for quantities connected 
to Vw and Vu;. Recall that 

V 4 u; = \p + F (120) 

3 1 1 

F = 2uu + -\r]-r]\ 2 --(7]-rj)-(7] + rj)--\r] + r]\ 2 



and, 



V 3 u; = \p + E (121) 

3 1 1 

F = 2uu+ -\r]-V_\ 2 + -(rj - rf) ■ (77 + 77) - -\v + V_\ 2 
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We introduce the auxiliary quantities ur and or as follows. 

ViJ = \o (122) 

V 3 J = l -a (123) 

with zero boundary conditions along if , respectively H . We introduce the pair of scalars < uj >= 
(lOjLO^) and < uj >= (—u,u^) and apply the Hodge operator *T>i ( see subsection 3.5), 

*X>i < uj > = -X7u + *Vcj t , *X>i < uj >= Vuj + *Vcj f . 

Next we derive a V4 equation for < uj_ > and a V3 equation for < uj >. To do this we write the 
commutation relation (55) in the form, 

[V 4 ,V]/ = -ItrxVf-x-Vf+liv + ^DJ 

[V 4 ,*V] 5 = -±tTx*Vg + X'*V9+\(.V* + V*)Dig 
Thus, for a pair of scalars (f,g), 

[V 4 ,*^i] (/,<?) = ~tr X ^i(/^) + X-(V/+*Vff)-^ + g)V4/+^+2*)I>4» 
Therefore, 

V a *V 1 <uj> = *T>i(p, a) — VF + [V 4 , *T>i] <u> 

= (p, a) - VF - -tr X *V X < uj > + X • ( Vc^ + * Vcu f ) 

- ^ + ?z)(p + f ) + ^* + 7 Z> 
On the other hand, we have the Bianchi equation, 

Thus, introducing the new horizontal vector, 

k := *Pi < w > = o; f ) - ^ = -Vw+ *W - J/3 (124) 

Z Z Z 

__ 3 11 

V 4 /t = -trx- k-uj(3-x ■ + ^{VP- *w) - -(rj + ri)p+ ~(r]* + rf)a 

+ X- (Vw+ *W) - VF- hr] + rj)F (125) 

z 

Similarly we set, 

k:=*V 1 <uj> -\p = *Pi(-w, cu f ) - = Vcj + *W - J/3 (126) 



we deduce, 
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and, using the Bianchi equations, 

D 3 (3 + tixP = Vl(-p, a) + 2ui[3 + 2x-P + 3( V p +* W ), 

we derive, 

3 11 

+ x ■ (— Vcj + * Vcj 1 ") + VF +l,(v + v)F (127) 
To estimate Vcu we combine the V4 equation (125) with the Hodge system, 

J) = K+\P (128) 
To estimate Voj we combine the V3 equation (127) with the Hodge system, 

J) = K+ l -f3 (129) 

Clearly transport equations for k and k are of the form (106) and (107) provided that we extend the 
set of Ricci coefficients tp to also include the new scalars u} and oA We observe that to} has the same 
signature as to and ufi has the same signature as u. Moreover uj} , uj^ they satisfy equations similar 
to those satisfied by lu, uj. Thus, for example, we can easily derive both and estimates for 
them. Indeed, from (122) we easily derive, 

\\^\\cf 3c) (u,u) ^ J ^IWWq^iu^du < Tlnla}. 

Similarly, from (123), 







I^II/^Km) < J \W\\q sc) (w,u)du <K [a] 



It thus make perfect sense to extend the definition of the set of Ricci coefficients as well as the 
definition of the norms ^O^, ^C? ,4, ^Ci,2, ^C?i,4 to include them. We thus also assume, from 
now on, that the main bootstrap assumption (37) includes 

Finally we observe that equations (125), (127) can be written in the form, 

V 4 k = -trx • k + ip ■ (V g + V^) +ip-ip-iJ g 
V 3 k = -trx • k + ip ■ (* fl + Vip) + V • ^ • iPg 

with ^ G p, a, /?} and ip g G {tr%, a;, a/, 77, 77, a;, a/, tr%}. Since k. can be expressed in terms of 
Vu;, Vu;t and (5 we can also write the first equation in the form 

V 4 k = tp ■ (V g + W) + i> ■ i> ■ *pg 

The second equation can be written in the form, 

V 3 k = -trXo'/c + ^.^ + V^+V-^-^ (130) 
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6.5. Main 0\ estimates. We start by rewriting systems (106), (107) and (108) in short form, 
dropping the reference to signature. 

V 4 6 = ip- + + trx • "0 • + "0 • "0 • -0s (131) 

V 3 = trx • W> + • (V0 + ^) + trx Q • • S + ip ■ $ ■ 5 (132) 

where 9 denotes an extended Ricci coefficient term (i.e. including u},^ defined below.) which is 
not anomalous in the ^C^-norm). Also, 

Vip = 9 + * + trx -0 ff + -0. (133) 

Remark 1. In reality equation (132) should also contain a term of the form trx Q as seen in 
(112), (116) and (130). We observe however that such terms can be easily eliminated by a standard 
Gronwall inequality. 

Remark 2. The curvature terms \1/ appearing on the right hand side of (131) belong to the admis- 
sible 12 set {a,{3,p,a,{3}. Special attention needs to be given to terms of the form 13 x • ot. 

Remark 3. The curvature terms \I/ appearing on the right hand side of (132) belong to the ad- 
missible 14 set {P, p,a, P,a}. Special attention needs to be given to terms of the form ip ■ (3, since 
TZ [P] is anomalous. We observe however that among all possible terms of the form ip • f3, is never 
anomalous. 

Remark 4. The curvature terms \1/ appearing on the right hand side of (133) belong to the set 

{P,p, a, §}. 

Remark 5. ip g denotes an extended Ricci coefficient which is not anomalous in the Oq norm. 
Whenever we write simply we allow for the possibility that it may be anomalous. For example the 
terms of the form ip ■ ip in (133) may be both anomalous (as happens to be the case for the div -curl 
systems for rj, rj, due to x • X )■ 

Remark 6. Due to the triviality of our initial data at u = we have 

ll©ll^)M) = 0- 
In view of the definition of the G we have, 

lieiU^o,*) < (o) +7^°). (134) 

We start deriving estimates for (131). As in the proof of the O estimates, 



leil^ua) S \mc U (u fi) + £^\\vMc 



f sc) '— ' 



12 This are the curvature components appearing in the main curvature norms 1Zq,1Zi. 
13 such a term appear in the transport equation for /i. 

14 This are the curvature components appearing in the main curvature norms TZq^TZ^ 
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Recall that none of the C^(S) norms of the Ricci coefficients ip or the C 2 SC ^(S) norms of their 
derivatives are anomalous. Moreover, 

U 9 \\c U (s) + S 1/4 U 9 \\c U (s) < {s) OoAS) < c 

where C is the constant in proposition 5.6. Also, 

U\\c U 8) < ^ 1/2 Ao, l|VV||^ c)( 5) < {s) 1 , 2 , 

Now, according to (131), for 5 1/2 A < 1, 

II v 4 e|| jC?TC)(s) < U ■ nc^s) + 5 1/2 Mc rsc){ s) • livvil^ c)( 5) 

+ ^ 1/2 |l^l| J cf_,(^)ll^ilz:^ c) cs-> + ^l|-^IU- c) (^)ll^llz;^ c) (^)ll^ll^ sc) (s') 
< U ■ JS) + 5 1/2 A || VV|U (s) + 5^C 2 

ysc) \ sc ) 

Recalling the triviality of the initial conditions at u = 0, we deduce, 





< 5 

'0 



Jo (sc) " 



Among the terms of the form ip ■ \1> the most dangerous 15 is x ' a which is anomalous in both ip and 
^ . In this case, recalling estimate (102), 

WxWcus) < s- 1/4 c 

we deduce, 

IIX • «ll^ sc) (5) < ^ 1/2 ||xll^ c)(5) -||a|| £ 4 sc)(5) 

< S^C (l|V«||^ 2 c)(5) • ll«||^ c)(5) + **IMIz* e)(fl )) 
All other terms are better in powers of 5, i.e., 

u ■ Hc U(s) < e*c (ii*ii^ )(S) • iiwn£ i(s) + sHnc Us ) 



'This is the case for the V 4 equation for \i. 
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Therefore, recalling Remark 2 and the definition of the scale invariant norms C 2 SC ^(H U ), 



')H V *H^ SC) («,M') 



1/2 

,(«.«') 

\ 1/2 



We have thus established, 

lieiu < 5^a . ^o 1 , 2 + cn 1 /2 -(n + n 1 ) 1/2 + 5^c 2 (135) 



We next estimate the components which verify the V3 equation (132). The only terms which do 
not appear in (131) are of the form, tr^V^- Thus, exactly as before, 



|v 3 e|| £ , sc)(5) < ||v • *||^ sc)( 5) + (i + 5 1/2 a )||v^||^ c)(5) + s^c 2 



and, 



In view of Remark 3 ^ G {/3, p, a, j3, a} and there are no double anomalous terms ip • Thus, 
proceeding exactly as above, 

l|0||^ c)(u ,„) < ||0||^ c)(u ,o)+ / H V 3©ll^, c) («M0 du/ 

J 

+ C5 l ^ 2 {JZ l +'R ) l ' 2 + C 2 5 1 ' A 
Combining with (135) we deduce, for a constant C = C(O^ \ 1Z, TZ) and sufficiently small 5, 

I|0||^ c)( «,m) £ C + £\\Vj\\i*„ ) w&dv! + 6 1 *A O 1 (136) 

It remains to discuss estimates for the Hodge systems (133). The following proposition will be needed. 

Proposition 6.6. There exists a constant C = C(O^ \TZ,TZ) such that if 5 is sufficiently small, the 
following estimates hold true: 

\\P,p,a,P\\ cUiS) < C (137) 
W K \\cUs) < C (138) 
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In view of proposition 4.17 we derive from (133), 

\m\c U{s) < ^||x||| sc)(5) ||^IU tc)(s) + ||e|| £?3c)(5) 

+ ll^ll^ c) (5) + ll^ll^ c) (5) + ll^^ll^ c) (5)- 

According to proposition 6.6, ||i^||£2 ^ < C. Thus even if the term ||^|| C 2 ^ multiplying ||i^||£2 ^ 
is anomalous 16 , i.e. \\^\\ C f sc) (u,u) < ^~ 1/4 (S) Oo,4 < C^ 1 / 4 we deduce, for some C = C{0^\ K,K), 

^11^11^(5)^11^)^) S C 
Also, since ||*|U (5) < C for * e {P,p,cr,P} and HVvlb ,(5) ^ (Wsl < C we deduce, 

l sc ) "" \ sc ) 

\m\c U{s) < c7+||e|| £ 2 3c)(5) + ||^^||^ c)(5) . 

Among the remaining quadratic terms ■ ip\\c 2 (s) we can have terms such as x ' X , m which both 

(sc) 

factors are anomalous 17 . For such terms 



Henceforth, 

l|v^||^ c)(5) < c* + \\o\\ cUis) 

Combining this with (136) we deduce, 

J 

from which, by Gronwall, 

l|V^||^ c) (5 u , s ) < C 2 + ^A ( s )O li2 . 

and thus 

iS) 1 , 2 + \\Q\\c U(s) <C 2 
as desired. We summarize the results in the following 

Proposition 6.7. Consider systems of the form (106), (107), (108) verifying the properties discussed 
in the Remarks 1-5 below. There exists a constant C = C(O^ \TZ,TZ) such that, 

\m\c U (S) + {S) lt2 < C. (139) 



16 This situation occur only for the Hodge system div \, see (109), since Oq[x] is anomalous. 
17 In fact x ' X appears in the Hodge systems for i] and rj, see formulas (117) and (118). 
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6.8. Curvature Estimates. In this subsection we prove proposition 6.6 concerning C^ SC ^(S) esti- 
mates for the curvature components fl,p,a,(3. We also provide estimates for a, a which will be 
needed later. Recall the Bianchi identities, 

V 4 /3 + 2trx(3 = div a - 2cuf3 - (2( + rj)a 

3 i 
V 4 p + 2 tr XP = -div P + -x-a-(-P-2ri-P, 

V.cr + hrxa = -div^ + ^x ■*<*-{■* P-2ri-*l3, 
V 4 /3 + trx/3 = -Vp +* Vff + 2uj{3_ + 2x ■ (3 - 3(? Z p -* rp) 
Thus (3, p, a, j3 verify equations of the form: 



Among the curvature terms on the right we have to play special attention to multiples of the curvature 
term a with signature 2. We write schematically, 

V 4 ^ 9 = W + ip ■ V (140) 

with ^ g e {f3,p,a,(3} while * G {a, f3, p,a, ft}. 

Thus, 

1^4^11^,(5) < \Wnc U (S) + ||« • ^\C U ( S) + ^IMUfc, 11^11^(5) 

Dr lla-^IL 



Now, as in the estimates for 6 in the previous section the worst case scenario estimate for ||o;-'0|| jC 2 
for anomalous if), has the form 



We deduce, 



\V^ g \\c U s) < ||V^||^ c)(5) + ^A ||^||^ c)(5) 



„„1 / .._ || 1/2 I, 1 1 1/2 . rl || || 

+ C5* {\\Va\\ cU{s) ■ \\a\\ cU{s) + 6* \\a\\c U{S) 



from which, 



i i 



\\y 9 \\cf sc) (u,u) < ||*Jz- c) ko) + + ^A ft + Cftf [a] • ft? [a] + Cft [a] 
Thus, since the initial data H^H/^ is trivial 



*g\\c* Ju,u) < + ^ A ^o + Cftf [a]ft* [a] + CTZ [a] 



-( SC ) 
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or, with a new constant C = C(O^ \TZ,Tt), 



\* 9 \\c U (u^ < C (141) 



as desired. 



It remains to estimate the C^ SC JS) norm of the Gauss curvature 

1 . . 1 1 . . 1 1 ~ 

K = -p + -x ■ X ~ ^X ■ trx = P + 7>X ■ X - |trx • trx o - -tr* • tr* 

Thus, 

\\K\\cl c)i s) < \\p\\c*. c) (S) + S l/2 \\x\\cf sc) (s) • ||x \\cf sc) (S) 
+ ||tr X ||^ )+ ^ Ao || t ^|| £ , c) 

< C + S^AoKo 
from which the desired estimate follows. 

\\K\\ cU{s) <C{0^\K,K) 

as desired. 

In the next proposition we derive estimates for the remaining curvature components. 
Proposition 6.9. There exists a constant C = C(0^°\TZ,]Z) such that for 5^A sufficiently small 

ll«ll^ c) (5) < C<H, \\a\\ cU{s) <C 

Proof. To prove the estimate for a we use the Bianchi equation for V3Q;, which can be written 
schematically in the form 

V 3 a = trx Q • a + ip ■ a + W + ip ■ * 
with \1/ from the set not containing a. We therefore obtain 



WWc^s^) < ||a|| iC?TC) (s 0ia ) + (l + ^Ao) / \W\\cl sc){ s u ,,, 

J 



In the worst case when ^ = /3, which is anomalous, we have, \\^\\c 2 (hj ^ 8 2 E:o- Thus, by 
Gronwall, 



Ml^ c)(5 ^) < \\a\\ C 2 sc){S0}t) +K 



Similarly, the equation for V4Q; has the form 

\7 4 a = W + ip ■ 
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where the curvature term in V\I/ is not a and ^ ^ a in the nonlinear term. Therefore, using the 
triviality of initial data 

||a||z* c) («,«) < ^1 + <**A / (HaH^^,^ + ||*J/* c) („',„))<*«' 

J 

with ^ g e p, a, (3. The result follows then easily by Gronwall and the (H) curvature bounds for 

7. Second angular derivative estimates for the Ricci coefficients 

To derive second angular derivative estimates for the Ricci coefficients we differentiate (106), (107) 
and (108) with respect to V. 

7.1. Basic equations. Based on the experience with the first derivative estimates we expect that 
the V3 equation for VO is slightly more challenging as it contains a lot more tr% terms. Thus, 
differentiating (132) we derive, 

v 3 ve = trx (ve + w + vVO + V" (ve + w + v 2 ?a) + w • (© + ^ + w>) 

+ trx ^ • + 4> ■ ip ■ W> + [V 3 , V]0 
According to commutation formulae of lemma (3.3) we write symbolically, 

[v 3 ,v]e = trx- ve + x • ve + ^-e + trx-^-o + ^-^-e + ^- v 3 e 

= trx o V6 + ip ■ V0 + * • + trx ■ ip ■ Q + ip ■ ip ■ B + ip ■ V 3 

Hence, 

v 3 ve = trx (ve + w + v 2 ^) + i> ■ (ve + w + v 2 ^) + • (e + w + v^) 

+0 • * + trx Q (tp ■ Vip + ip ■ 6) + ip • {ip ■ W> + i> ■ + V 3 0) 

Ignoring the term of the form trx Q V0 which can be easily eliminated by Gronwall, and observing 
that and V0 on the left can be can be expressed in terms of Vip and respectively, V 2 ip and 
V^, we write, 

V 3 V0 = (trx + ^)(V* + V 2 ^) + trx (^ • W + i> • ©) + • (* + Vip) 

+ e- ^ + ^-(^-W + v- e + V 3 0) (142) 

= F l + F 2 + F 3 + F 4 + F 5 

Similarly, 

V 4 V0 = ip • (W + V 2 ip) + Vip • (* + W) + • * + i> ■ ip ■ Vip + [V 4 , V]0 

and 

[V 4 , V]0 = ^-V0 + ^- + ^- ^- + V- V 4 
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so that 18 



v 4 ve = v • (w + v 2 ^) + • (* + v^) + ^ • • W + i) ■ e + v 4 e) 



(143) 



= d + G 3 + G 4 + G 5 

Equations (142), (143) will be combined with the differentiated Hodge system for ip in (133): 

v*vi) = v* (e + ^ + i>-i> + trx • ^) , (144) 

which can be schematically written in the form 

Aip = Kip + V0 + V* + Vip ■ ip + trx Q ■ Vip 



7.2. Estimates for V9, V 2 ip. We now collect estimates for the terms on the right hand side of the 
transport equations (142), (143): 



Similarly, 



F i\\c?^(s) 



-"(sc)V 



< (1 + ^A )(||V 2 . 
Fillers) < ^Aodieil^^ + HV^II^^) 
Fs\\c U (S) < 5 1/2 ||V^||^ c)(5) .(||V^||^ c)(5) + ||M/|| £tc)(5) ) 



-( SC )\ 



F 4c* m) (S) < S 1/2 \\<3>\\cf sc) (s) 



mc U (s) < 5 1 / 2 A (^A ||(v^,e)|| /:?sc)(5) + ||V3e|| i:fsc)(5) ) 



< 5^A (||V0||^ c)(5) + ||V 2 ^||^ c)( 5) + l|V*||^ c)( 5)) 



\G 3 \\c U ( S ) < ^ 1/2 ||V^||^ c)(5) ■ (||V^|| £ , 3c)(5) + \\nc U (s)) 



\G 



< £ 1/2 lieib 



(sc) 



(S) ■ 



1^1 



\G 6 \\cl c) (s) < 



• (^Ao • ||W,e)||^ c)(5) + ||v 4 e||^ c)(5) ) 



We note that the curvature terms \1/ present in the F terms belong to the admissible set {(3, p, a, (3, a} 
while the curvature terms \1/ appearing in the G terms belong to the set {a, (3, p, a, (3}. We also recall 
that according to the ^Oi j2 estimates and their consequences proved in the previous section 



IIW>|| L 2 (5) + \\Q\\ms) + ||v 4 e|| L2(H) + ||v 3 e|| L 2 ( H) < c 



18 Observe that the structure of 
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Using the L 4 interpolation estimate from (82) which imply that 

W\\c U(s) < \\^l U(s) \\^n'l U(s) + *i|v*|^ ( » < cilWll^ + sic, 
\\e\\c UtS] < l|e|li ; _ )(s) ||ve|| * %(S) + <5»||e||^ (sl < c|ve|*, + He, 




we obtain for 5 2 A sufficiently small 

l|ve||^ c)(u , M) < ||V0||^ c)(o , M ) + £ HVsven^^du' 
< II ve||^ c)(0iM) + C jf (|| V 2 ^||^ c) + WVMqJdu* 

+ 5hc [ (ii^iii^ii^iii^n^iii,^) + ^iiv^iii, c)(5) ii^ni, c)(5) ) du> 

We kept track of the terms containing H^H^a ^ as they may lead to the potentially anomalous 

(sc) 

norm U^U^a ^ in the case of ^ = [3. However, even in that case 
By Gronwall, and recalling the definition 19 of 7^ 

HVVll^^dti' + CTSi. (145) 
In view of the estimates for the G terms we similarly obtain 

"HvVll^^o^' + ^i- ( 146 ) 

We now couple this with the second derivative estimates for the Hodge system 

Dip = + * + trx ^> + i> 

Using Proposition 4.18 we deduce 

liv 2 ^ll^ c) (5) < 11^11^(5)11^11^(5) + 5Hk\\\ U{s) ii vnc U{s) 

+ HVe|| £?3c)(5) + ||V*|| £?3c)(5) + ||trx V^||^ c)(5) + U ■ Wll^ c) (5) 
19 note again that a does not appear among the 'f's 
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By Proposition 6.6, ll-Kll^a (S \ < C with a constant C = C(O^ \TZ,TZ). Therefore, 

(sc) ' 

+ HVe|| £ 2 sc)(5) + ||V*|| £ 2 3c)(5) + || V^||^ c)(5) + ^CAo||VV||z- c) (5) 
Using Cauchy-Schwarz and the boundedness of the ^0i,2 norm we then obtain 

II V 2 ^||^ c)( 5) < C + II V0||^ c)(5) + || W||^ c)(5) . (147) 

We note that the curvature terms \& involved in the above inequality belong to the set p, a, (3}. 
In particular, 

iiwii^ c)W <^, \\vnc Um < R,. 

Thus, substituting the estimate for || V 2 i>\\c 2 is) into (145) and (146) and using Gronwall we obtain 

(sc) 

l|V6|| £ 2 { } < ||V6|| £ 2 (0 ) + (77^, 

(sc) v '— 1 (sc) v '— 7 

This, together with (147), in turn, implies 

Proposition 7.3. There exists a constant C = C(O^ \ 1Z, TZ) such that all second derivatives V 2 ?/> 
of the Ricci coefficients ip G {trx, x, i], rj, lv,oj,x, trx} and the first derivatives of the quantities O G 
{Vtrx, div f] + p, div i] + p, Vuj + *Vcu t — — Vu + *Vu; t — \f3, Vtrx] verify, 

llVeil^^ + llVVllr^^ + llVVllr^^ < C. 

7.4. ^Oi ; 4 estimates. As a corollary of proposition 7.3, together with corollary 4.12 we also have, 
Corollary 7.5. There exists a constant C = C(0^\lZ,7V) such that, for 5 1 ^ 2 A sufficiently small, 

{S) O lA < C. (148) 

We end this section by deriving a slightly more refined estimate on the second angular derivatives of 
rj. These estimates are needed in the application to the problem of formation of a trapped surface. 
We review the system of equations for i], written schematically it has the form 

curl 7] — a + if) • ip, div r] = —p — p, 

v 4 /i = i> ■ (Vip + e + * + i) ■ ip). 

We note the absence of trx Q terms in this system. Applying V* to the Hodge system for i] and 
commuting the equation for p with V we obtain 

At] = Vcr + Vp + V/i + W> • vj) + Kt], 

v 4 V/i = w> • (v^ + e + ^ + ^-^) + ^- (v 2 ^ + ve + w + Vip • 
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The absence of tix terms allows us to estimate V/x in terms of its (trivial) data on H and an error 
term of size 5^. To show that we bound 

|| W- (vv + e + * + v-V)ll^ c)( ^) 
< &W\\c U ts) (liv^|| £ 4 sc)(5) + ||e|| £ 4 3c)(5) + \\nc U ( S) + ^U\\c Tsc ) II vvil^ c)(5) ) 
+ **IMLc& ) (\\v 2 i>\\ cUiHu) + liven^^) + l|v*|| £?3c)(Hu) + ^|^||^ c) ||v^||^ c)( ^)) 

In the final estimate the only dangerous term is II ^11 £4 (s \, which may be 5~s anomalous in the case 
of \1/ = a. It is not difficult to check however that \1/ = a does not appear in this system but even if 
it did the size of the error term would have been £4 instead of 5^. As a result of this estimate and 
the trivial data for V/i we obtain 

\\V»\\c U (S) < sic. 

To estimate 77 we remember that K = p + trx Q • ip g + if) ■ if). Therefore, 
l|A^ll^ c)( ^) < l|Vp||^ c)( ^) + \\Va\\ cU{Hu) + \\Vti\\ cU(Hu) 

< livpll^^ + livaii^^+^a 

Using the Bochner identity we obtain 

IIV^II^,,) < II ^\\c U (h u) + ^||K||^ c){ ^)|^||^ c) +sHK\\^ {B J^\\ £t ^ 
<\\Vp\\c U{ H u) + \\Va\\ cU{Hu) + 5 l *C. 
The same estimates also hold along the H_ u hyper surf aces. 

We summarize this in a proposition. 

Proposition 7.6. The Ricci coefficient rj verifies the estimate 

IIV^IU^) < ||Vp|| £ , sc)(fM + \\Va\\ cU{Hu) + 6*C, 
ll v ^ll^ c) (^j £ W^pWc^hj + \\V°Wq sc) {Hj + ^C. 

8. Remaining first and second derivative estimates 



In the previous sections we have derived estimates on the first and second angular derivatives of the 
Ricci coefficients. In this section examine their V 3 , V 4 , VV 4 and VV 3 derivatives. 
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8.1. Direct V3,V4 estimates. These are derived directly from the null structure equations (see 
section 3.1). 

Proposition 8.2. There exists a constant C = C(O^ \TZ,TZ) such that for 5^A sufficiently small 
and any S = S Ut u 

l|V4^ll£2 sc) ( S ) + ||V 4 77||£2 sc)(s) + ||V 4 ^|| £ 2 sc) (5) + l|V 4 ^|| £ 2 sc)(5) < C, 
\\V3t?x\\cl c) {S) + \\^3V\\cl c) (S) + l|V 3 ^||£2 sc)( 5) + \\V3trx\\cl sc) (s) < C, 

l|V4x||^ c)( 5) +llV4x||^ c)( 5)+ l|v 3 x||^ c) (5)+ liv 3 x 11^(5) <cH. 

Remark. Note the anomalous estimates of the last line. The anomaly of V 4 x is due to the curvature 
term a in the second equation in (49). The anomaly of V3X is due to the term tr% • x i n the fourth 
equation in (49) . The anomalies for V3X and V 4 x are explained by the presence of trxx m both 
equations of (50). 

Proof. The claimed estimates follow directly from all the estimates derived so far. We need the full 
set of 11^11x2(5) estimates for all null curvature components \1/ which were derived in propositions 6.6 
and 6.9. We also need to make use of the ^Oq^ estimates of proposition 5.8. As an example we 
prove the estimate for V 4 x in more detail. We start with V 4 x = —trxx — 2c^x — a which we write 
in the form, 

V 4 x = i> g ■ x + a 

As a result, 

1^4*11^(5) < ll^'Xllr^ + IHI^s) 

< 5 1/2 |I^II^ C) (5)-||X||^ C) + II«II^ C) (5) 

as desired. Similarly we write, 

V 3 X = trx • A + 4> g ■ ik + + * fl , 
with ifj g , ty g non- anomalous and ipb anomalous. Hence, 

W^sxW cf sc) (s) < IWI/- c)( s) + U 9 \\c* sc) (S) ■ Mcf sc){S ) + llW>llz- c)( s) + ll*J/- c) (S) 

< s-wc + s-^cP + c 

More generally, all of our null structure equations have the form 

V 4 ^ = trx • i/j + ip ■ i/j + + 

V 3 ip = trx Q ■ip + ip-^ + Vvp + y, 
and one can easily see that the only anomalies occur for V3, V 4 of Xi X ■ ^ 
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8.3. Estimates for V377, V477, V 3 cu, V400. The above proposition does not address the fate of V377, V 4 ?7, V 3 u 
and V4CJ derivatives which do not appear in the null structure equations. These can be estimated 
by commuting the valid transport equations for these quantities with the desired derivative. 

Proposition 8.4. There exists a constant C = C{0^\lZ,7V) such that for 5^ A sufficiently small 

\\V4V\\ c i sc){s) + \\V 4 uj\\ C 2 sc)is) + \\V 3 r}\\ C 2 sc){s) + \\V 3 u\\ C 2 sc){s) < C. 

Proof. As all the arguments are similar we will only derive the estimate for V 4 rp Commuting the 
transport equation 

V 3 r? = -^trx(?7 - v) - X • (v ~ v) + §_ 
with V4 (according to Lemma 3.3) we obtain 

V 3 (V 4 pJ = -^V 4 trx(r? - rj) - ^trY_V 4 (?? - rj) 

- V 4 y_ • (V ~ rj) - x ■ V 4 (?] - rj) + V 4 (3 

- 2(77 - rj) • V77 + 2wV 4 r| - 2cjV 3 r? - 2(77 a 77 6 - V^- e ab er)^ 

which we write symbolically, 

V 3 (V 4 ?7) = trx • (V 4 ^ s + V 4 V + i> ■ i) g ) + V • (V 4 ^ + V 4 ?7) 
+ V-(V^ + # s + ^-^) + V 4 /3 

Remark. In the above expression, V 4 denotes quantities already controlled according to the 
previous proposition and, among them, V 4 '0 9 denote those which are not anomalous. Also ^ g is 
a curvature component different from a. Furthermore we can eliminate V 4 /3 according to the null 
Bianchi equations 

V 4 /3 + ti X P = -Vp +* Vff + 2up + 2x • P - 3(r Z p -* rp) 

Thus, 

V 3 (V 4 ?7) = trx • (V 4 ^ 3 + V 4 V + i> ■ i> g ) + i) ■ (V 4 + V 4 rf) 
+ V • (W> + * 5 + "0 • + V* 9 . 

Therefore, 

l|V 3 (V 4!Z )|| £ 2 3c)(5) < (1 + <J 1/2 Ao)||V 4 77|| jC?ic) (s ) + ||V 4 ff || £ 2 3c)(5) + (J^AolV^Hr^^ 

+ ll^ll^ c) (5)(||^||^ c) (5) + l|V^||^ c) (5) + ll^ll^ c) (5)) + \\W g \\cl c){ S) 
< (l + (5 1 /2 Ao )||V45|| jC? )( 5) + l|V^|U JS)+C 

K sc ) K sc ) 
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Therefore, 

\\^^^\q 3C) {u^u)du 

pu 

< I|V4?7||£2 sc) (o,m) + (1 + <^ A o) J l|V45ll^ c) („^d«' 

Pit 

+ / l|V^|k {sc)(u> )A/ + C< 

< o(o) + (i + ^Ao) f ||V 4 77lb (<u) d«' + Si + C 



Thus by Gronwall, 



l|V42llr ?ws) ( t . ia) < (O) + C7. 



□ 



8.5. Direct angular derivative estimates. Here we derive angular derivative estimates for all the 
quantities which appear in proposition 8.2. We shall first prove the following: 

Lemma 8.6. I/S^Aq is small we have with a constant C = C(O^ \TZ,TZ), for all Ricci coefficients 

||[v 4 ,vmu Ms) < c 

ll[V4,V]V||^ c) (5) < C 

As a corollary we also have, 

ii[v 4 , ^h U ( H ) + ii[v 4 , ^m\c U (m < c, 

||[V 3 , ^Mc U (H) + ||[V 3 , ^\\C U (H) < C 

Proof. We write, 

[v 4 , v]v = i> ■ W> + p ■ ij + ij 9 v^, 

[V 3 , V]^ = trx Q • + V • W> + ■ i> + ^V 3 V, 
Hence, in view of the previous estimates ^Ci,2 < C, ||/3||/;2 < C and the possibly anomalous 



estimate ||V4'0||£2 ( 5 ) < C5 1//2 , we derive, 

\\[V,,V^\\ CU{S) < ^Ao(||VV||^ c)(5) + ||/3|| £23c)(5) + ||V4V||^ c)( 5)) <C 
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Similarly, 

ll[V3,V]V||^ c){ 5) < (l + 5 1/2 A )||V^||^ c)(s) 

+ ^A (||^||^ c) (5) + l|V3^||^ c) (5)) < C. 

from which the estimates of the lemma quickly follow by integration. □ 
Proposition 8.7. There exists a constant C = C(O^ \ 71, TV) such that for 5^ A sufficiently small 
l|VV 4 xl|^ c)W + II VV^Hr^fl) + || VWM\c U (H) + II VV 4 xl|^ c)W < C, 
II VV 4 ^||^ c)(ffl + HVV^IIr^o + || VV^II^qo + HVV^IIr^o < C, 
ll vv 3Xll^ sc) (S + ll vv 3!Zll^ c) (H) + II VV 3 ^|| £ 2 sc)(ffl + || VV 3X \\ci c){ H) < C, 
||VV 3 ^|| £ 2 sc)(if) + ||VV 3 ?7l|^ c) (i/) + ||VV 3 o;|| £ 2 sc)(H) + ||VV 3 x||^ c)W < C 

Remark 8.8. Note the absence of anomalies. This is analogous to the situation with ^Oi^ estimates: 
additional V derivatives eliminate the anomalies due a and Ricci coefficients x, X . 

Remark 8.9. The quantities VV 4 x and VV 3 x are controlled only along H and H_ respectively. This 
is due to the absence of the corresponding estimates for Va and Va along H_ and H respectively. 

Remark 8.10. As a consequence of the Lemma above the same estimates hold true if we reverse the 
order of differentiation. 

Proof. Consider the V 4 transport equations verified by ip G {tr%, X , u, rj, tr X , X } 

V# = trx • V + i> ■ i> + W + # 4 , 
with curvature components \l/ 4 G {a, (3, p, a}. Clearly, 

II VVMc U{ h) < (llVVllr^^ + ||W 4 || £2sc)W ) + (1 + ^)||V^|| £ 2 sc)W 

< c. 

Also, along if, 

llVV^Hr^® < (W^Wc^m + HV^IIr^®) + (1 + ^)\\V^\\\ cUm 

< c 

provided that \l/ 4 ^ a, (i.e. the original ip on the left is not X ). 

On the other hand the V 3 transport equations verified by ip G {tr%, X , r), tr X , X , to} are of the form, 

V 3 ^ = trx Q • V + i> ■ i> + W> + * 3 , 

with the curvature components ^3 G {p, a, (3, a}. The corresponding estimates follow precisely in 
the same manner. □ 
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8.11. Estimates for W3I], W^i], VV3U;, VV4W. In this subsection we prove the following: 

Proposition 8.12. There exists a constant C = C(0^°\TZ,TZ) such that 

H vv 4?2ll^ c) (tf) + II WsijIIz* e)(fl) + II VV 4!Z ||^ c)( h) + ||VV 3 77|| £ 2 3c)( „) < C, 

Remark 8.13. Together with the previous proposition, this proposition allows us to control all angu- 
lar derivatives of all V3, V4 derivatives of all the Ricci coefficients tr%, x, rj, rj, trx, X > w ( m some 
C 2 ^ (H) or jC 2 sc ^ (H) or both) except for V and VV 3 w. 

Proof. To control VV377, VV477 we make use of lemma 6.3. Recall that reduced mass aspect functions 
p and p verify equations of the form, 

v 4 /i = i> ■ (vtrx + + * 4 ) + i> ■ i> ■ ^ g 

V 3 /i = trx Q • (Vtrx + Vip) + ip ■ (Vtrx + Vip + * 3 ) (149) 

which are to be coupled with the Hodge systems of the form 

V(r],ri) = (p, p) + p + a + if) ■ (150) 
Here ^4 = {a j3, p, a} and ^3 = {a, (3, p, a}. 

Remark. We note absence of the Ricci coefficients lu, lj among the ip variables in the above equations, 
in particular among the terms of the form Vip. This fact is very important in view of the lack 
of estimates for and VV3CJ. Equally important is the absence of the terms trx Q • ip with 

■0 = {Xj X } i n equation (149). Such terms would lead to an unmanageable double anomaly. 

To estimate VV477 we need to commute the above equations for r], p with V4. Making use of lemma 
3.3 we derive, 

V 3 (V 4 ^) = V 4 trx Q • (Vtrx + V^) + trx Q • (V 4 Vtrx + V 4 W>) +^-Vp 

+ V 4 ^ • (Vtrx + W> + #3) + ip ■ (V 4 Vtrx + V 4 W> + V 4 ^ 3 + V 4 r?) 
+ V 4 trx • ip ■ tp g + trx Q • V^ip ■ ip + V 4 V> • fp • ip + wV 4 /i + wV 3 /i 
V(V A rj) = V 4 p + V A (p,cr) +ip ■ (V 4 ip + Vri + y 4 ) 

Proceeding as many times before, we write, 

||V 3 V 4 //|| £ 2 sc)(u , iM) 
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and (with H(u, u) = H^) 

pu pu pu 

/ HVgV^IL^^Gb' < / ||V4V^|| £ 2 sc)(u , iM) rf M '+ / \\unM\c\ ac) w,u))du' 

JO J J 

+ || V 4 ^ • *3 1 1 £2 ac) + ||V 4 ^ • V^|| £ 2 sc)( ^ (U)M)) 



+ IIV> • V 4 ^||^ re) (H(«,«)) + IIV> • V^sll/* c) (ff)(„,„) 

+ HV> • V/iH^^^)) + IkVa/ill^^^).... 
We have kept on the right only the most problematic terms. We now write, 

l|V 4 ^ • ®3\\cl c) (H) < S 1/2 \\V 4 ^\\ C 4 sc){m ■ W^sW Cf sc) (H) 

Using the interpolation estimates of corollary 4.12, 

liv^ll^c© < llvv^||^ e)(S ||v^||| f<e)(S + ^||v^||^ c)(S 

11*311^® < l|V*s||^ )(S ll*s||J ?ws)(S + ^||*3||^ )(S 

Taking into account the possible anomaly of ||V 4 ^||£2 ^ (recalling also that ip here differs from 
uj,lj !) we deduce, 

\\VMc tsc) (m < C6- 1 " \\*3\\c U{K) <C 

Therefore, 

l|V 4 V"*3||^ c)(S < C5 1/4 . 
Similarly, taking into account the estimates for ^Ci i4 of corollary 7.5, 

l|v 4 V • v^ll^o < s 1/2 \WM\c U h_) ■ WWc^m $ 051/4 

To estimate ||'0V 4 ^ f 3||£2 , H \ we write, using the Bianchi equations, 

V 4 ^ 3 = V^g + IP ■ ^ + UJ ■ 

where V\l/ 9 G {V/3, Vp, Vcr, V/3}. Recalling the estimate H^H/^ ^ < encountered before 

and HV^II^cfl) < S, 

11^ • v 4 * 3 ||^ c) (ff) < ^IMI^g© (l|v* s || £ 2 3c)(S + 11*11^(2)) < c 

The term || V 4 ^ • "01 1/; 2 (m may contain a double anomaly. We estimate it as follows: 



'(sc) 



|v 4 ^ll£ ?3c) (*) <5 1/2 ll^ll^ c) l|v^||^ c)( ^) <c 
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All other terms in C^ CC ^(H) can be estimated in the same manner to derive, 

II V 4 H|£2 3c) 

+ / \\^4^\\cl c) (u',u)du' + C 
J 

or, by Gronwall, 
Now, 

/ ||V 4 V^|| jC a {u ',u)du' < I ||V 4 V77|| £ 2 {u ,^)du' + ||V 4 VV> 5 |U 

Jo {3C > Jo (sc> {l 



(H(u,u)) 



where ifj g G {tr%, x, r], x , tr%}. Thus, in view of the estimates of proposition 8.7 and commutator 
lemma 8.5, 

/ l|V 4 W>|U {u , tU) du'< / HVV477IU3 (^du' + C 
Jo (sc) Jo tsc) 

and therefore, 

l|VV 4 r Z ||^ c)(u , y) ^ + L7 (151) 



Using the elliptic estimates of proposition 4.17 applied to the Hodge system for V 4 ?/> we derive, 
l|VV 4 ?7|| £ 2 sc)(5) < ||V 4 //|| £ 2 3c)(5) + || V 4 (p, v)\\cl c) (S) 

+ ^Ao(||V^|U2 sc)(s) + W\\ CU(S) + 11*411^(5)) 

Now, 

V 4 (p, a) = V/3 + ip ■ ^ 4 + u ■ ^ 4 , 

with \l/ 4 G {a, (3, p, a}, Now, 

l|V 4 (p,(7)|| £2sc)(5) < ||V/3|| £ 2 sc)( 5) + 5^Ao||* 4 || £2sc)( 5), 

In the particular case when \E , 4 = a, (recall that a component is not allowed in the definition of the 
curvature norms TV) we recall (see proposition 6.9) the estimate ||o;||£2 ^ < 5 _1 / 2 C. Therefore, in 

all cases, 

\\nc US) < c8-v* 

and consequently, 



|V 4 (p )( r)||^ c)(5 )<||V/3||^ c)(5) + C7 



H VV 4!/lk.(S) S l|V4/i||£^(5) + l|V/3|| £ , (152) 
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with C = C(pW,H, K). Therefore, 

: (sc)V^ ~ 11 " ^'—'"-(sc)^) ■ " ' i- IM -(sc) 

Integrating, 

/ l|W 4 ?7|U {u ,^du' < / ||V 4 /x|U Kitt) d«'+ / ||V/3|U (u>) rf M ' + C 
Jo tsc) Jo (sc) Jo (sc) 

/ l|V 4 /f|U .(u^du' + E + C. 
Jo {sc> 



< 



i.e., 



f II W^Hr^^du' < f HV^H^^^du' + C. (153) 

*/ J 

Therefore, combining with (151) and applying Gronwall again, we deduce, 

l|V4A*||z* c) ( Ul «) < \\^^hl c) (o,u) + C 
It is easy to check on the initial hypersurface Hq, 

I|V4/4U M 0,m) < ©<°>. 

On the other hand, returning to (152), we deduce 

l|VV 4!Z ||^ c)(s) < C+||V/3|| £ , sc)(5) . 

Hence, 

W^^H C) (H) + II vv 4!Z || £?sc)(ffl < c 

as desired. 



The remaining estimate 

is proved in exactly the same manner. □ 



II VVsijII/* + || VVsijII/* o 



9. C„o ESTIMATES AND PROOF OF THEOREM A 



In this section we combine the estimates obtained so far to derive L°° estimates for all our Ricci 
coefficients and thus verify the bootstrap assumption (37). This would also allow us to conclude the 
proof of theorem A 2.13. To achieve this we combine the < - s - ) (9o, 4 , Ci,2, ^O, ®0 and the remaining 
second derivative estimates with the interpolation results of Proposition 4.15. We will only require 
results before and culminating with Proposition 8.7. In particular it does need the estimates of 
Proposition 8.12. 
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For the Ricci coefficients ip G {tr%, x, rj, u} we make use of the interpolation estimate of Proposition 
4.15 together with (5) Ci, 2 + {H) < C and ||V 4 V^||/;2 <m % C of Proposition 8.7 in the previous 

(sc) ^ ' 

section, to derive 

W\\c U{s) < (5 1/2 l|v^||^ c)W + ||v^||^ c)W ) 1/2 

• (5 1/2 l|v^|| £ , sc)W + ||v 4 v^||^ c)W ) 1/2 

< c 

Similarly, for^ G {tr%, \ , using the estimates ^C 1)2 +®C < C and estimate || Vz^^c 2 < 

( sc ) 

C of Proposition 8.7 in the previous section 

\m\\c U{s) < ^ 1/2 iiv^ii^ c) ( ffl + iivvii^ c)( ^) 1/2 

• (5 1/2 liv^||^ c)(s + ||v 3 v^||^ c)(ffl ) 1/2 

< c 

Next, for the non-anomalous coefficients ip G {tr%, rj, rj, u, u, tr%} we use the interpolation inequality 



which leads to the desired estimate, 

Mc U s) < c. 

In the anomalous case of ip — {x, x } we use the interpolation inequality (85) 



sup(||V^|| £ 4 M)(s) + ||^|| £ 4 sc)(4s) ), 



which gives 

WWcfaw < c. 

as desired. We deduce, 

Proposition 9.1. There exists a constant C = C(0^\TZ, TZ) such that, for 5 1 / 2 A sufficiently 
small we have, 



(5) 0o,oc < C. (154) 



In particular, choosing A m C, and 5 > sufficiently small, depending only on C we dispense of 
the bootstrap assumption and derive the conclusion of Theorem A. 
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10. C^(S) ESTIMATES FOR CURVATURE AND THE FIRST DERIVATIVES OF THE RlCCI 

COEFFICIENTS 

In this section we establish Cf sc \(S) estimates for all first derivatives of the Ricci coefficients ip. In 
the previous section we have already established such estimates for V^- The Ricci coefficients satisfy 
the structure equations 

V 4 ip = trx Q • ip + ip ■ i/> + W> + ^, 
V 3 ^ = trx Q • i/> + ip ■ ip + Vip + ^. 

We note that the double anomalous terms tr% Q • x and trx Q • \ appear only in the V4X , V 3 x and 
V3X equations. Similarly the anomalous a curvature component only appears in the V4X equation. 

For the remaining equations we estimate 

VJMc\ ac) {S) < M\t\ sc) (5) +^ U\\c rsc) (5)11^11^(5) + ||W>|| £ 4 sc)(5) + ||*|| £ 4 sc)(5) 
< C ,4 + ^O ,ooO 0A + Ci, 4 + |U (s) , 

(SC) 

where the 5^ takes into account a potential anomaly of the H^ll/; 4 (s) term. To estimate ||\l/||£4 (s) 

(sc) ( sc ) 

we use the interpolation estimates 



1 , 1 



\nc tsc){S ) < (sHn^w + iiv^ii^ c)W ) 2 (^n*ii £ , sc)W + iiv 4 ^h^ c)W ) 2 

1 

\nc U ( S) < (^11*11^® + llV^||^ c)(ffl ) 2 (^U*!!^® + ||V 3 *||^ c)(S ) 



Each of the null curvature components \l/ satisfies either V 4 or V 3 equation. These equations can be 
written schematically in the form 



Sl+S 2 = S+l 

V 3 ^ (s) = W (s ~5)+trx -^ s + Yl ^ (si) '^ ( 



Sl+S 2 =S 

Let us consider the V 3 equation since the presence of the trx Q makes it more difficult to handle. We 
estimate 



Sl+S2=S 



(K) 



Note that the terms ||\I/ s ||/;2 (H) and ||\I/ S2 ||£2 (H) are anomalous only for s = s 2 = 2, that is in the 
case of the estimate for a. We summarize these estimates in the following 

Lemma 10.1. For a constant C = C(T, 0, 71, TV) and ^ e p, a, (3, a} 

^Mct sc) (s) + \\y\\c* 3c) (s) <C 
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Combining this result with V^ip and V 3 ?/> equations, as described above, gives us the 

IIV^II^S) + l|V 3 ^ll^ c)( 5) < C 

estimates for those derivatives, with the exception of ip = x, x ■ On the other hand, the anomalies 
present in their respective equations lead to the anomalous estimates 

l|V 4 x||£4 sc)(s) + ||V 3 x|| £ 4 sc)(5) + ||V 4 x|| £ 4 sc)(s) + ||V 3 x|| £ 4 sc)(5) < C<H 

It remains to estimate V 3 r?, V477, V 3 u;, V40; which do not satisfy direct equations. We argue as in 
sections 8.3 and 8.11. Using the interpolation estimates stated in the beginning of this section and 
the bounds 

II VV377IU {H) + ||V 4 V 3 t/|U (H ) < c, 

K sc ) K sc ) 

II VV 4 2l| jC?ws)(fl ) + l|V 3 V 4 7 Z || £ , sc)W < C 

of sections 8.3 and 8.11, we obtain the desired ClJS) estimates for V 3 r? and V477. However, we can 
not obtain the corresponding estimates for V 4 cj and V 3 u;. We summarize the second main result of 
this section. 

Lemma 10.2. 

II Willis) + ||V 3 ,4??|| £ 4 sc)(S) + ||V 3)4 77|| £ 4 3c)(5) + ||V 4 CU|| £ 4 SC)(S) + ||V 3 CU|| £ 4 SC)(5) < C, 

l|v 4 x|| £ 4 sc)(s) + ||v 3X || £ 4 3c)(5) + ||v 4 x|| £ 4 sc)(5) + ||v 3 x|| £ 4 sc)(5) < cs- 1 * 

11. Renormalized estimates 

11.1. Trace theorems. The results of this section rely on sharp trace theorems which we discuss 
below. We introduce the following new norms for an S tangent tensor with scale sc(0) along 
H = Hu'~\ relative to the transported coordinates (u, 9) of proposition 4.6: 

Uhr^iH) = r^H( SUP r\<P(u,u',9)\ 2 du') 1/2 

eeS(u,o) Jo 

Also, along = H^' u ^ relative to the transported coordinates (u, 8) of proposition 4.6 

U\\Tr (sc) (H) = <T SCW ( SUp f W,^)|W) 1/2 

ee.s(u,o) Jo 
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Proposition 11.2. For any horizontal tensor <p along H = Hu'~\ 

l|v 4 0IU (sc)W < (M</>\\ci c) ( H) + U\\ci c){ H) + ^c(U\\ crsc) + ||v 4 0|| £ 4 sc)(5) )^ 

x (ll ^\\c UH) + stcm^ + II V0IL U 5))) 1 ( 155 ) 

+ II V 4 V0|| £ 2 sc)W +5^(11011^ + ||V0|| £ 4 sc)(5) ) + IIV^II^^ 

where C is a constant which depends on O^ \7l,]Z. 

Also, for any horizontal tensor <p along E_ = H^'°\ and a similar constant C, 

i 

||V 3 0|U {sc) ao < (l|V^||^ c)(ffl + \\<P\\ cUm + 5^C(U\\c rsc) + ||V 3 0|| £ 4 sc)(5) )) 2 

x (llVVll^w + ^Cdl^ll^ + HV^II^^)) 1 ( 156 ) 
+ II V 3 V0|| £ 2 sc)(S + 6 1 *C(\\<f>\\c rac) + ||V0|| £ 4 sc)(5) ) + ||V0|| £ 2 sc)(S 

The proof relies on the classical (euclidean) trace inequality formulated in (u, 9) or (u, 9) coordinates 
Lemma 11.3. For any scalar function <fi along H = Hu'~\ supported in a coordinate chart, we have 

\d^(u,y/,9)\ 2 dy!) 1/2 < (II^|| l2W + 5 2 ||0||l 2( h)) 1/2 - RVII^) 

+ \\dedu4>\\v { H) + b-\\de<t>\\v { H) (157) 
For any scalar function <p along H_ = H_u' u \ supported in a neighborhood patch, 

\d u <p{u',u,9)\ 2 du') l/2 < {\\%<f>\\*<m + W^Wmm) 1 ' 2 ■ \\dl<pC m 

+ \\ded u </>\\ L 2 m + \\de<f>\\v m (158) 

In scale invariant norms we have, 



V 2 . u&au 1 / 2 
+ \\ded„(f>\\c*(H) + \\de<f>\\c*(H) 



mWrr^B) < (ll^0||^ c)W + H\\c U{H) ) 1/2 ■ WllJ? (JI) 



'(sc)V-'-'^ 11 " ' IM -(sc) 

and, 

11^11^,0 s (\\ d i<t>\\c Um + u\\c Um ) 1/2 • wm 1 ^ 

+ \\d e du<j)\\ C 2 sc){m + \\d e (f)\\cl c) (H) 
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Proof. We start by making the additional assumption that <p(u, 9) is compactly supported for yf G 
(0,u). 

Integrating by parts in 6 = (6 l ,9 2 ), 

/ oie 1 oie 2 d e i d 9 2 / <9„0(w', 9) ■ d^(yf, 0)du'| 



< 



< 



/ |^i9 02 / du<j)(u,9) ■du(/)(u,9)du\d9 1 d9' 2 
Jd Jo 

/ | / d g id 9 2du4>(u, 9) ■ du4>(u, 9)du\d9 
Jd Jo 

[ f~\d e du(/)(u,9)\ 2 dy!d9 
Jd Jo 



+ 

Now, integrating by parts in u, 

/ d e id e 2du<p(u,9)-du<p(u,9)dy! = - d e ide2<f>(y!,e) ■ d 2 J(u',9) 

Jo Jo 

Hence, 

'~\du<t>{u,9)\ 2 < -11^11^ + 11^11^- (159) 



Jo 



To remove our additional assumption concerning the compact support in (0, u) we simply extend 
the original to —5 < u < 25 such that all norms on the right hand side of (157), on the extended 
interval, are bounded by a constant multiple of the same norms restricted to the original interval 
(0, u). We then apply a cut-off to make the extended compactly supported in the interval (—5, 25) 
and finally use (159) in the extended interval to get the desired result. The proof of (158) is exactly 
the same. The scale version of these estimates is immediate. □ 



We now pass to the proof of proposition 11.2. It suffices to prove (155), the proof of (156) is exactly 
the same. 

One can easily pass from the coordinate dependent form of the trace inequalities to a covariant form 
with the help of the estimates of proposition 4.6. 

According to that proposition we have, for C = C(O^ \ 1Z, 71), 

ll r ll^ sc) (5) + livr|| £ 2 3c)(5) < c 

Thus, 

V 4 a = £l~ l du<p a - Xab<t>b 
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As a consequence, along H = H u , 

||V 4 0||Tr ( . c) (tf) < H^0llTr (sc) (H)+5 1/2 ||xlU &) ll0ll^ c) 

Also, schematically, ignoring factors of Q (which are bounded in L°°), we have with ip e {%, a;}, 

V 2 = 9^0 + ^ -<9«0 + a- + ^-^-0 
Thus, in view of our estimates for the Ricci coefficients ip, we have 

\\d 2 J\H c) ( H) < l|V^||^ c)W + 5 1/2 ||Vll^ c) -||V 4 0||^ c)W 



< 



We next note that for a horizontal tensor we can convert do into a covariant V derivative according 
to the formula do — V + I\ Therefore, 

< 



llV0||^ c) (5)+5 1/2 C||0||^ c) 
and, 

ll^ 2 a ||^ c)( 5) < N^ 2 ^!!^^^) ^^""N^riU^c^ll^lU^, ^ 1/2 l|r|| jCf _ )( ^||^^|U t _ >( ^ ) 
S II vVll £? . o) (5) + ^ 1/2 c(ll0ll^ c) + I|v0|| £ 4 sc)(5) ) 

Also, 

||^^0 a || £ 2 sc)(s) < ||vv 4 0|| L2 (5) + 5 1/2 ||9r|| L2(s) ||0|| L ^ + 5 1/2 ||r|| L 4 (5) ||v 4 0IU4 (5) 
< II W 4 0|| £ , sc)(5) + 5 1/2 C(||0||^ c) + ||v 4 0|| £ 4 sc)(5) ) 

According , to the the scale invariant estimate of lemma 11.3, 

mw c){H) < (\m\c UiH) + ii0ii^ c)W ) 1/2 • wiii? 

+ \\ded*<f>\\c*,H) + \\de<f>\\q jh) 



Combining this with the previous estimates we obtain the desired result, which can be clearly ex- 
tended to any along H u , not necessarily restricted to a coordinate patch, by a simple partition 
of unity argument. This proves the desired estimate (155). Estimate (156) is proved in exactly the 
same manner. 
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11.4. Estimate for the trace norms of Vx? V%. Our main goal in this subsection is to derive 
estimates for the trace norms || Vx\\Tr, ac) (H) and || ^xlWr^iH)- m view of proposition 11.2 we could 
achieve this goal if we could write Vx = Vzt0 and Vx = V30 where 0, respectively are such that 
the norms on the right hand side of (155), respectively (156), are finite. We prove the following 
proposition. 

Proposition 11.5. Consider the following transport equations along H = H u , respectively if = H u 

V 4 = V X , 0(O,m) = O (160) 

and 

V 3 = Vx, 0(O,«) = O (161) 

(1) Solution (j) of (160) verifies the estimates, 

UWcUis) + U\\c U{S) + \W\\c U (s) + l|V40||^ c)( 5) < C (162) 

II W 4 0||^ c)(i/) + \\V 2 Mc U{H) < C (163) 

with a constant C = C(0(°\1Z, TV). Moreover, 

HV 2 0IL U h) < \\VHrx\\ cU{H) + C (164) 
As a consequence (see calculus inequalities of subsection 4-9) we also have, 



. < \\VHrx\\ cU{H) + C (165) 



and as a consequence of the trace estimate (155), 



|V 4 0lk (sc)W < \\V 3 trx\\ cU{H) + C (166) 



(2) Solution <p of (161) verifies the estimates, 

U\\c U{ s) + U\\c U (s) + llV0||^ c)( 5) + l|V40||^ c) (5) < C (167) 

l|VV 3 0||^ c)(S + \\Vl<P\\ cUm < C (168) 

with a constant C = C(0(°\TI,TV) . Moreover, 

l|V 2 0||^ c)(ffl < \\Vhrx\\c U H) + C (169) 
As a consequence (see calculus inequalities of subsection 4-9) we also have, 

WtWc? sc) Z HV 3 ^||^ c)( H) + C7 (170) 
and as a consequence of the trace estimate (155), 

l|Vs^||3V ( . e) (® < l|V 3 ^||^ c)W + C7 (171) 
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Proof. Estimates (162)-(163) and respectively (167)-(168) follow easily from (160), respectively (161) 
in view of our estimates for x, respectively x > an d their first two derivatives derived in the previous 
sections. The second V derivative estimates are subtle; they require a non-trivial renormalization 
procedure, nothing less than another series miracles. As always we expect the estimates for to be 

somewhat more demanding in view of the presence of tr% = tr%o + t r X- We shall thus concentrate on 
them in what follows. No other anomalies occur at this high level of differentiability. The idea is to 
derive first a transport equation for A0 and hope somehow that the principal term on the right, i.e. 
VA% , can be re-expressed a V4 derivative of another quantity depending only on two derivatives of 
a Ricci coefficient. We write, 

V 3 A0 = AVx+[V 3 ,A]0 

Now, recalling commutation lemma 3.3, we write schematically (we eliminate (5 using the Codazzi 
equation) 

[V 3 ,V]0 = X- V0 + V^3" + ^3" V 3 + X" ^3-0 

[V 3 ,V 2 ]0 = x • V 2 + Wv (V0 + V 3 0) + V 2 ^ 3 • + ^3 • VV 3 + V(x -^3-0) 

+ ^3 • V 3 V0 + X ■ ^3 • V0 

where ^3 e {trv_, x , V, vj- 

Hence, using our estimates for ip 3 as well as the estimates (167)-(168) for we can write, 

[V 3 ,A]0 = trx o V 2 + x • V 2 + Err^ (172) 
l|Err,||r ? . e)UD < CS^(C + || V 2 0|| £Mffl ) (173) 
Indeed, we have, for example, 

W^s ■ t\\c U m < ^ 2 U\\c r J^ 2 H\c U m £ £ 1/2 C1I0IU~ > 

< ct 1 / 2 (||v 2 0||^ c)(S + ||vv 3 0|| £?sc)(ffl + U\\c Um ) 



Consequently, 

Since, 

we have, 



V 3 A0 = AVx +trx Q V 2 + x • V 2 + Err (174) 
[A,V]0 = KV<j) + VK-<f) 



II [A, V]0|| £ , sc)(S < \\K\\ cUm ■ ||V0|| isc4(S + \\VK\\ cU{K) m CTsc) 



< 



^ 1/2 l|v 2 0||^ c)(ffl + c 2 5 1 / 2 
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Hence, also, 

V 3 A0 = AVx + trx Q V 2 + x • V 2 + Err^ (175) 
WEWcf^m < L7^(c7 + ||v 2 0||^ c)(ffl ) 
Now, according to the Codazzi equations, 

£>2X = -§_- § Vtrx + trx^ 3 + ^4 • ^3 

Thus, 

+ P 2 P 2 X = *£> 2 /3 - | *V 2 Vtrx + *P 2 (trx^3 + V>3 • $0 
or, making use of (58), 

- 1 -&X +Kx = *V 2 p - l - *V 2 Vtr X + *P 2 (trx^3 + ^3 • 
Thus, differentiating once more, 

VAx = V 2 §_ + V 3 trx + KVx + Err (176) 
Err = VK-x + tr^V 2 ^ + V 2 (^s • $0 
Here, and in what follows, Err denotes an error term of the form, 

l|Err|| £ 2 sc)(S < C 

On the other hand we recall the structure equation, 

v 3?z = §_ + x- (v - v) 

Thus, commuting, and writing as before, 

[V 3 ,V]r] = x- Vr^ + V^ 3 -r/ + ^3 • V377 + x • ^3 • ?7 

[V 3 ,V 2 ]t7 = x- V 2 7 ? + VV'3-(V?7 + V377) + V 2 V'3-!Z + V'3- VV 3 ?7 + V(x •V'3-!Z) 
+ ^3 • V 3 Vr? + x ' ^3 • Vr^ 

Observe that, 

11^3,^7711^^) < C 



and consequently, 
Clearly, 

Therefore, we deduce, 



V 2 /3 = V 3 (V 2 ??) + Err (177) 
Err = V 2 (x- (v - v)) + [V 3 ,V 2 ]r7_ 

l|Err||^ c)(ffl < C (178) 
VAx = -V 3 (V 2 r/) + V 3 trx + ^Vx + Err 
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Commuting V with A again, 

AVx = VAx+KVx+VKx 

Hence, since Vx = V 3 0, 

AVx = V 3 (V 2 ??) + V 3 trv_ + fTV 3 + Err (179) 

Back to (175) we rewrite, 

V 3 A0 = -V 3 (V 2 ??) + V 3 trx + trx • V 2 ^ + K ■ V + 30 + En> 

\\^\\c U{m < c(i + 5^<t\\ cUim ) 

which we could rewrite in the form, 

V 3 (A0 + V 2 7?-fT0) = V 3 trx + trx Q • V 2 - V 3 K • + Err^ (180) 
Recall that K = p — |tr\;tr\; — \x • X ■ Hence, we easily find, 

\\VsK\\ cU{m < C 

Thus, 

||V S (A£ + VV < ||V 3 trx|| £ 2 3c)(U)M) + |V 2 0||^ c)(n , y) 

+ \\^A\cl sc) {u,u) 

i.e., 

l|A0||^ c)(u ,,) < IIV^II^^ + C5^\\K\\ CUM + ||V 3 trx||^ c)(ffl 
+ (1 + 8^C) / llV^H^^du' + 11^11^^ 

Now, using the elliptic estimates discussed in subsection 4.16, we have and our estimates for K, we 
deduce 

l|V 2 0||^ c)(5) < \m\c U (S) (181) 

+ ^ 1/2 (l|V^||^ c) (5)ll0ll^ c) (5) + ||X|| £ 4 sc)(5) ||V0|| £ 4 sc)(s) ) 

£ ll A ^ll^ c) (5) + * 1/2 (HH^ + IIV0ll^ c)(5) ) 

< ||A0|| £ , sc)(5) + ^(C+||V 2 0||^ c)( ^) 



Thus, 



l|V 2 0||^ c)(u , M) < IIV^H^^) + CS^ 2 \\K\\ CU ^ + ||V 3 trx||^ c)(ffl 

+ (l + ^c) f ||V 2 0|U {u ,, u) du' 
Jo (sc> 



+ 



67(1 + ^/2) || v ^|| 

(SC) 
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Using Gronwall, 

l|V 2 0||^ c)( ^) < IIV^H^^) + C8^\\K\\ CU ^ + ||V 3 trx||^ c)(ffl (182) 

+ cci + ^hv 9 ^^ 

Integrating we deduce, for C<5 1//2 sufficiently small, 

l|V 2 0||^ c)(ffl < t7+||V 3 trx||^ c)( H) 
as desired. □ 

To close the estimates of proposition 11.5 it remains to estimate || V 3 tr\;||£2 and ||V 3 trx||£2 ^ H y 
To achieve this we start with the transport equation for tr%, 

V 3 (trx) = -\ tr X 2 ~ \X I 2 - 

which we rewrite in the form, 

V 4 (trx') = -VW-ir 1 ^! 2 
trx' = ft _1 trx 

The plan is to derive a transport equation for the quantity AVtr%'. We make use of the following 
commutation formulae, written schematically, for an arbitrary scalar / verifying the equation V3/ = 
F, 

V S (V/) = 

v 3 (v 2 /) = 
+ 

V 3 (V 3 /) = 

+ 
+ 

or, 

V 3 (V 3 /) = V 3 F + ^ 3 • V 2 F + V^ 3 • VF + V 2 ^ 3 -F 

+ x-v 3 / + vx-v 2 / + v 2 x-v/ 

+ ^3 ■ V 3 (V 2 /) + W> 3 • V 3 (V/) + Va[V, V 3 ](V/) + V(x • ^ • V/) 



VF + x- Vf + ^-F 

V{VF + x-Vf + ^-F) + x-V 2 f + P-Vf + ^ 3 -V 3 (Vf) 
V 2 F + ij 3 • VF + V^ 3 • F + x ■ V 2 / + Vx • V/ 
^3-V 3 (V/)+x 

V 3 F + ^ 3 • V 2 F + V^ 3 • VF + V 2 ^ 3 • F 

x-v 3 / + vx-v 2 / + v 2 x-v/ 

V(^ 3 V 3 (V/) + x • ^3 • v/) + p ■ v 2 / + ^ 3 • V 3 (V 2 /) 
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Applying the calculations above to f — Q _1 trx, F = — |f2 -1 tr\; 2 — fi^lx] 2 and using V(f2 _1 ) = 
— f2~ 2 Vf2 = —\Vl~ 2 (ri — rj) we derive, omitting factors of Vl which are bounded in L°°, 

V 4 (AVtrx') = x ' AVx +X- V 3 trx + Vx • V 2 x + Vx- V 2 trx + F 
F = trx (^ 3 - V 2 ^ 3 + Wv V^3 + ^3-^3- V^ 3 ) 

+ ^3 • ^3 • V 2 ^3 + ^3 • V^ 3 • V^3 + ^3 • ^3 • ^3 • V^3 

Making use of our estimates for ip 3 we easily derive, with a constant C = C(0^\ TZ, TZ), 



\F\\c Um < S^C 



Thus, 



V 3 (AVtrx') = x • AVx +X- V 3 trx + Vx • V 2 x +Vx- V 2 trx + F x (183) 

\my a H) < s 1/2 c 

Observe that neither the principal term x • VAx or the lower order term Vx • V 2 x appear to 
satisfy an C 2 SC ^(H) estimate. The principal terms seems particularly nasty since we can't possible 
expect to estimate three derivatives of x using norms which involve only one derivative of curvature 
components. Clearly another renormalization is needed. In fact we make use of equation (174) which 
we write in the form, 

AVx = V 3 A0 - trx o V 2 - x • V 2 - E 
We can thus replace the dangerous term AVx i n (183) and obtain, 

V 3 ( A Vtrx') = X • V 3 A0 + x • V 3 trx + Vx • V 2 x + Vx • V 2 trv_ + F 2 
F 2 = F!-(trx VV-X -VV-^-x 

In view of our estimates for (ft we have, 

ll^Ur^cs < ^(l + ^OHV^II^^ 



Now, recalling also the definition of (ft, 

V 3 (AVtrx'-x • A0) = -V 3 X ' A0 + trx o V 3 trx + ^ 3 - V 3 trx + V 3 0- V 2 x 

+ Vtrx • V 2 trx + F 2 
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Hence, 

IIAVtrx'H^,,) < ||AVtrx / ||^ c)(0 ,,) + c75 1 / 2 ||xll^ c) • II M\\q. e) ^ 

+ (1 + C5 1 / 2 ) f ||V 3 trx|U Au>,u)du' 
Jo {sc> 

+ C5^\\V 3 x\\ T r (acM) • IIA^^ 

+ 5 1/2 IIV30l|T, (sc)(ffl -||v 2 x||^ c) 

+ 5 1/2 ||Vtrx||^ c) -||V 2 trx||^ c)(i£) 
+ II^ILc^UD 

Using the calculus inequalities of subsection 4.9 and our estimates for V 2 V 3 trx, 

H vtr xlU& £ C + \\Vhrx\\c isc) (H) 
Also, in view of the trace estimate (171), 

||V 3 0||r, (sc)(ffl < C + \\Vhrx\\c isc) (H) 



Hence, 



||AVtrx'|| £ , sc)(U)M) < ||AVtrx'||^ c)(0)M ) + CS^V 2 ^^ 

+ (1 + C5 1 / 2 ) / ||V 3 tr X |U {<u) du' 
Jo (sc) 

+ C^llVsxIliv^o-IIA^II^^ 
+ C5^\\Vhrx\\c Um + C^ 



Now, 



II AVtrx'H^,,) < ||AVtrx||^ c)(u ,,) + 5 1/2 C7(|| V 2 u\\c U)( ^ + C5^ 2 ) 

Now, using the elliptic estimates discussed in subsection 4.16, we have and our estimates for K, 
deduce 

W^xWcf^s) < l|Atrx||^ c)( 5) 

+ 5^(||VK|| £ , sc){5) ||Vtrx||^ c)( 5) + ll^ll^ c)( 5)l|V 2 trx||^ c)(5) ) 

< ||AVtrx|| £ , sc)(S ) + * 1/2 (l|Vtrx||r- )(S ) + II V 2 trx||^ )(5) ) 

< ||AVtrx||^ c)(S ) + S 1/2 (C + ||V 3 trx||^ c)(ffl ) 
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Hence, after using Gronwall, 

l|V 3 trx||^ c)(u , M) < ||V 3 trx||^ c)(0 , y ) + C5 1 ' 2 (|| V 2 ^^) + II V 2 0||^ c)( ^)) 

Thus, after integration, 



(184) 



It remains to estimate the trace norm ||V 3 % || Tr( ^ H (o,u'y We claim the following, 

Lemma 11.6. There exists a constant C depending only on O^ \TZ,TZ as well as ||V 3 a||£2 tm such 
that, 

HVsxllTr {M) ca) £ cs ~ l/2 - ( 185 ) 

Proof, in view of the trace estimate (156), we have for H_ = H_(°' u '\ 

l|V3Xl|TY (sc) Gff) < \\Vlx\\cl c) (H) + l|VV 3 xl|£», c) (H) 

+ l|V 2 x||^ c)(ffl + \\x\\cl c) (H) + CS 1/2 \\x\\c rsc) 

Observe that, 

ll V 3Xll^ c)( H) + ||x||^ c)(ffl < C5- 1 ' 2 

We claim also that, 

liv^ll^ao < C5-v 2 + \\v 3 a\\c U m- 

Indeed, differentiating, 

V 3 X = -a-tvxx-^X 

Thus, 

V3X = -V 3 a - V 3 trv_ • X - trx • V 3 % - 2V 3 cj • x ~ w • V 3 x 

Hence, 

\\Vlx\\cl c){ H) < ||V 3 a|| £ 2 sc)( ^ + \\x\\c> tc) m + Csl/2 (W^^Wcl c) (H) + V 3 xll^ c) (H)) 
< C5-V 2 + \\V 3 a\\ cU{m 
which completes the proof of our estimate. □ 



2M \ 2 C 2 sc){ H^')) dU ' 
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Returning to (184), we have with a constant C depending on O^ \lZ,TZ, as well as ||V3C*||£2 , H \), 

nu 

l|V 3 tr X || £2 (0 , u) < C 2 + C7 2 / || V 2 

< C 2 (l+ / ||V 3 trx|| £2 ^oA') 

JO (sc)\— ' 

Thus, applying Gronwall once more we derive, 

l|V 3 trx||^ 2 (fl( o.., < C 2 

This finishes the proof of the second part of the following. 

Proposition 11.7. The following estimates hold true with a constant C depending on O^ \TZ,TZ as 
well as sup M \\W 4 a\\ c ^ {Hu) and snpJ\V 3 a\\ C f ac) (Hj 

(1) We have along H = H u , 

\\^trx\\ci c){ H) + \\ytrx\\c T . < C 



'(,c) 



SUp||Vx|b AS) + ||Vx||Tr (sc) (H) < C. 

S \ sc > 

(2) We have along H_ = H_ u , 

l|v 3 ^ll^ c)(S + l|V^||£cc c) < c 

SUP ||VX 11^(5) + || Vx||Tr ( , c) (H) < C. 



11.8. Estimates for the trace norms of V?y, Vrj. As in the previous subsection we need a series of 
renormalization. The proof follows, however, the same outline as above. We first prove the following, 

Proposition 11.9. Consider the following transport equations along H = H u , respectively if = H u 

V 4 (4) = V?7, {4) 0(O,m) = O (186) 

V 4 (4) = V?? {4) 0(O,m) = O (187) 

and 

V 3 (3) = V77, {3) 0(O,m) = O (188) 

V 3 (3) = V?7, {3) 0(O,w) = O (189) 

(1) Solutions (f) = ( ^0, < - 4 - ) 0) o/ (186) -(187) verify the estimates, 

\c U{ s) + U\\c U (S) + l|V0||^ c)(s) + ||V 4 0||^ c)( 5) < C (190) 
II VV 4 0||^ c)W + ||V 2 0||^ c)W < C (191) 
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with a constant C = C(O( \lZ,lZ). Moreover, 

\\V 2 <t>\\cl c) ( H) ~ \\^^H C) (H) + C (192) 
As a consequence (see calculus inequalities of subsection 4-9) we also have, 

U\\c Tsc) < \\V 2 v\\ cU{H) + C (193) 
and as a consequence of the trace estimate (155), 

I|V 4 0||t, (sc)W < \\V 2 v\\ cU{H) + C (194) 
(2) Solutions 0= (( 3 V, {3) 0) of (188), (189) verify the estimates, 

WtWcUW + ^HoW + \^H C) (S) + l|V30||^ c)( 5) < C (195) 

II VV 3 0|U ){m + ||Vl0|| £ 2 {K) < C (196) 

\SC} \ sc ) 

with a constant C = C(O^ \TZ,TZ). Moreover, 

l|V 2 (( 3 V, (3) 0)ll^ c)( H) < \\V^\\ cUm + C (197) 
As a consequence (see calculus inequalities of subsection 4-9) we also have, 

ll( (3 V, (3 V)ll^ c) < \\v 2 a\\c U <m + c (i98) 

and as a consequence of the trace estimate (156), 

||V 3 ( (3) 0, (3) 0)l|T, {sc)(ffl < IIVVH^^ + C (199) 

Proof. We start with 

V 3 (3) = V, V 3 (3) = rj 
Commuting both equations with A and proceeding exactly as in the derivation of (175) we derive 

V 3 A (3) = VAr] + trx Q V 2 (3) + x • V 2 {3) + E (200) 
V 3 A (3) = VAri + trx V 2 (3) + x ■ V 2 {3) + E (201) 

\\E\\c Um < C6^(c+\\v^ 3 U\\c U{m ) 
\m\c Um < ^(c+||v 2 ( 3 V||^ c)(ffl ) 

Recall that, see (117), (118), 

div 7] = -p - p, curl r] = a - ^x A X 
div 77 = -p - p, curl r) = a-^xAx 
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i.e., schematically, 

*V 1 V lV = ^-p.ff-xAx) 
'ViDtf = *D!(- rft( 7-xAx) 
Preceding as in the derivation of (176) we find, schematically, 

VAr] = V 2 /i + V 2 (p,a) + F 1 
VAt? = VV + V 2 (p )( x) + F 1 

We now make use of the equations, see equations (121) and (123), 

13 1 1 

V 3 ^ = -p + 2uu+ -\r]-rf + ^(v ~ V) ' (v + v) ~ + v\ 2 

V 3 ^ f = ^o- 

Proceeding now exactly as in the derivation of (177) and (178), we deduce, 

V 2 (p,a) = V 3 V 2 (^,cu t ) + F 2 

Pillion £ c. 

Therefore, just as before for the derivation of VA%, schematically, 

VAr] = V 3 VW) + V 2 /i + F (202) 
VA?? = VgV 2 ^,^) + V 2 /i + F (203) 

Thus, back to (200) and (201) we deduce (just as in (180) 

V 3 ((A( 3 V- VW)) = V 2 /i + trx V 2 (3) + x ■ V 2 (3 V + £ (204) 

ll^cs < C7(i + niv 2 < 3 >*||r ? . e)(s ) 

and, 

V 3 ((A( 3 V- V 2 ^,^)) = V 2 /i + trx V 2 {3) + x ■ V 2 (3 V + E (205) 

l|£||^ c) ® < ^(i + 5 1/2 llv 2 ( 3 V||^ c)(ffl ) 

We then proceed with elliptic C 2 SC ^ estimates, exactly as in (181) and, after using also Gronwall, we 
find (as in (182)) 

l|V 2(3) 0|U ,„,„) < ||V 2 (o;,a;t)|U (tt>u) + f ||V 2 //|U {u , >u) du' (206) 

v sc ) \ sc ) Jq \ sc ) 
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and 



\\V 2 lA\c U ui^)du' (207) 



+ C{l + 5^)\\V 2 ^M\c U m 
Integrating we deduce, for CS 1 ^ 2 sufficiently small, 

llv^Vu^) < c+\\vM\c Um 

as desired. □ 

It remains to estimate ||V 2 /i||r2 <m and ||V 2 /i||r2 <m- As before we treat only the estimate for the 
slightly more difficult case of \i. In view of the proof of the previous proposition we have (neglecting 
signs and constants, as before), 

VAr] = V 3 A (3) + trx V 2 (3) + X • V 2 (3) + E (208) 
VA?? = trx Q V 2 {3) + x • V 2 (3) + E (209) 



We start with the transport equation (114), 

V3// + trx/i = — -tr^div r] + (77 — ?y)Vtrx 

+ ^x(\v\ 2 -v-v) + ^(v + v)-x-(v-v) 

Commuting with the laplacean, we derive 

V 3 Ap = x ■ AV(r? + rj) + tr^Adiv rj + (Vi] + V77) • V 2 x + trxA/x 

+ (V 2 ^ + V 2 ^) • Vx + \x- Aa- (77 — 377) • A/3+ ^tr^Ap 
+ Err 

Here, and in what follows, Err denotes any term which allows a bound of the form, 

l|Err||^ c)(S < C (210) 
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Using equation, V 3 x = —a — trx x + ^3 • ^3 we write, 

Aa = -V 3 Ax + Err. 
Using equation, V377 = j3 + x ' (v — v) we can write 

4±P = V 3 Ar] + Err 
Using equation V 3 u; = \p + ip ■ ip we can write 

Ap = 2V 3 Au; + Err 

Therefore we can write, 

V 3 A/^ = x ■ V 3 A( < 3 V + ( 3 V) + trxV 3 A( ^<p + ( 3 V) 

+ V 3 ( (3) 0+ (3 V) • V 2 x + V 2 (r ? + r Z ) • Vx 

+ trxV 3 Acj + (77 + 77) V 3 Att_ + x • V 3 Ax + Err^ 

with Err^ verifying, 

\\^4c U m < c(i + \\vV 3 U+ i3) mcum) 
< c(i + IIvVII^ c)( h)) 

Therefore, introducing the renormalized quantity 

(t = y.-X- A( (3) 0+ {3) 0) - trx • A^ - (77 + 77) • A77 - x • Ax (211) 

we have, 

V 3 ^ = -V 3 x • A( ( 3 )0 + ( 3 )0 + x ) - V 3 trx • A( ^0 + ®0) 

+ V 3 ( (3) 0+ (3 V) • V 2 x + V 2 (t7 + 77) • Vx 
+ V 3 trx • Acj + V 3 (t7 + 77) • A77 + Err^ 

Consequently, 

\\§c UM < 5 1 / 2 ||V 3 x||t, (sc)(S -||V 2 (( 3 )0+ (3) + x)II^ c)( h) 

+ 5 1/2 ||v 3 (( 3 V+ ^<t)hr (sc) m ■ llv 2 ( (3 V+ (3) 0)ll^ c)( H) 

+ 5 1/2 ||V 3 (77 + 77)|| Tr{sc){ffl -||V 2 77||^ c)(S 

+ ^ 1/2 ||Vx||Tr (sc) ( ffl • ||V 2 (77 + 77)||^ c)(ffl +Err 

We recall from the previous subsection, see lemma 11.6, that 

HV 3 xlk (sc)(ffl < C8~^ 

with a constant C depending only on 0^°\TZ : TZ as well as ||V 3 a||r2 im- Also, from the previous 

(sc) * — I 

section, we have (see proposition 11.7) 

\\Vx\\Tr (sc) (H) < C 



V3(v,R)\\cl c) (H) < C 



c UM < ||^||^ c)( o, M ) + (l + CT 1/2 ||VV||^ )(ffl 
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Also, in view of (199), 

l|v 3 ( (3) 0, (3) 0)llT, (sc)(ffl < IIvVII^chj + c 

Also, we can easily show, with the help of the trace estimates of proposition 11.2 and our Ricci 
coefficient estimates, 

Consequently, 

On the other hand, 

Hence, 

W^aW^teu) S II^II^ c) (o,m) + II vVll^ c) („, y) + c^iiv^n^^ 
+ llvVii^^ + ^nvVii^^) 

We can now proceed precisely as in the last part of the proof of proposition 11.7 to deduce, after 
applying elliptic estimates and integrating, 

l|V 2 /x|| £2 ^(o,^ < (O) + (1 + Ctf 1/2 ) Av^lL (Mudu' + C 

from which the desired estimate follows. We have thus proved the second part of the following: 

Proposition 11.10. The following estimates hold true with a constant C depending on O^ \TZ,TZ 
as well as sup u ||V 4 Q!|| J c2 jc)(Hii) and sup„ || V 3 a\\ C 2^ {K j. 

(1) We have along H = H u , 

1^(77, 77)11^^) < C 

(2) We have along B_ = H_ u , 

l|V(77, 77)|| rr(3c) ® < C 



(3) Also, 



sup||V(?7,77)|| £ 4 sc)(5) < C 
s 
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11.11. Refined estimate for ^(p. We end this section by establishing a more refined estimate on 
( 3 )0. This estimate is needed in the argument for the formation of a trapped surface described in our 
introduction. We examine the equation 

V 3 (3) = V77. 

Commuting with V we obtain 

V 3 V (3) = (trx Q + ■ v {3 V + (* + i> • i>) (3 V + V 2 r] 

Taking into account triviality of the data for V ^<f), non-anomalous estimates for \& appearing in 
this equation, and Gronwall we obtain 

l|V( 3 )0||^ c)(5) <||V 2 ,||^ )( ^ ) + ^L7. 

Using Proposition 7.6 we obtain 

l|V (3) 0ll^ c)( 5) < \\Vp\\c U (hj + \\V<j\\ cUiK j + 6*C 

Combining with the interpolation estimates 

IPVlU«, (s) < ll <3 VllI ;-t)(s) l|v<^||j ;<oi(s) + ^||«0||^ )(s) , 
llv«*IL^ m ^l|vw#||^ m ||v'(«#)||^ m + «»||v«^ m 

we conclude 

Proposition 11.12. The solution ^tp of the problem V3 = Vr] with trivial initial data satisfies 
ll (3 Vll^ c) (5) < C (llVpll^^j + \\V<j\\c U h^ + C5l 



12. Trace estimates for curvature 



Proposition 12.1. Under the assumptions of the finiteness of the norms 1Z and TZ, which include 
W^saWc* (h u ) an d the anomalous norm \\V4aWc2 ^ Hu ^ we have 

\W\\Tr sc {H) < 8~*C, 

\m P ,a)\\ Trsc{H) <C, 

\\(p,*,P)U„ m <c, 

||a||3V-. c (H3 - S ~* C 



The proof is based on the application of the trace inequalities of Proposition 11.2 and the null 
structure equations (47), (49)-(51). According to these the curvature components ^4 = {a,P,p,a} 
can be expressed in the form 

^4 = V 4 04 + 0-0, 
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while \1>3 = {p, a, j3, a} can be represented as 

^3 = v 3 3 + trx • i> + 4> ■ 4>, 

with 20 04 G {x, V, < u >} and 3 G {x , 77, < u >}. 
Therefore, 

ll*4|b. c (fl) £ II V 4 04||Tr sc (//) + ^ 

v sc / 

Il*3|b. c (fl3 £ l|V303||TV scW + (l + ^||0||£- c) )||0||£- c) . 

By Proposition 11.2 

||V 4 4 || T r (sc) (ff) < (||V^ 4 ||£2 sc)(H) + ||04||£2 sc)(if) +55C(||0 4 ||£- c) + || V 4 4 || C f Bc) (S) )) ' 

x (l|V 2 4 ||^ c)(H) + ^C(||0 4 ||^ c) + ||V0 4 || £ 4 sc)(s) )) 5 

+ ||V 4 V0 4 || £ 2 sc)(ff) + 55C(||0 4 || £ c ?c) + ||V 4 4 || £ 4 sc)(5) ) + ||W 4 ||z* c) (H) 

1 

I|v 3 3 ||tv (sc) ® < (\\^lh\\ci c) (H) + II^IU^^) + 5^c(||0 3 || £ oo c) + ||v 3 3 || £ 4 sc)(5) )) 2 

1 

x (||V 2 3 ||^ c)( h) + ^C(\\h\\c rsc) + ||V0 3 || £ 4 3c)(5) )) 2 

+ ||V 3 V0 3 || £ 2 f H) + 5lC(\\(f) 3 \\co° + ||V 3 3 |U (5)) + ||V0 3 || £ 2 (H) 

(scj v — ' \ sc ) V sc ) \ sc ) — 

We observe that all the involved norms with the exception of ||V 2 4 || £ 2 and ||V30 3 || £ 2 have 
been already estimated. 

Recall that the derivatives with no estimates are the £f sc \(S) norms of V 4 u;, V 3 u; and either C^ sc ^(H) 
and £ 2 sc -)(i/) norms of VV 4 cj and VV3W, while VV 4 x and VV 3 x are controlled only along H and 

H respectively. Finally, the C?JS) and CfJS) estimates for x, x , V 3i4 %, V 3i4 x are and 
anomalous. Therefore, for 04 = x, i.e. ^4 = a 

l|V4xlk ( «,(fl) < C(\\Vlx\\c U{ H) + C5-l)l + C, 

for 3 = x, i-e. ^ 3 = a 

IIVsx lk (sc) ® < c(|| v 2 x Hr^o + c<H)* + C. 

The remaining 4 , 3 satisfy 

||V 4 4 ||Tr (ac) (i/) < C(||V 2 4 || £ 2 3c)W + C)5 + C, 

||V 3 3 <C(||V 2 3 || £ 2 sc)(ffl + C)5+C. 

°Recall that < tv >= (u, lJ) and < uj >= ( — w.wt), see (122) and (123). 
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We now express 

V 4 4 = V 4 ^4 + V 4 • 0, 
V^03 = V 3 ^3 + V 3 • V- 

Therefore, 

l|V!04||z* c) (H) £ II V 4 *4||£2 sc) (H) +SH VMq sc) {H) U\\c Tsc ) < ||V 4 *4||£^ )(if) +C, 
II V 3^3||£» m) (H) £ l|V3^3||£2 sc) ( ffl +55||V 3 0|| £ 2 sc) ( // )ll0lU- ) < II V 4 ^ 4 || C f sc) (H) + C, 

where we took into account possible <5~5 anomalies of ||V 4 0||£2 and ||V30||£2 These imme- 
diately yield the desired trace estimates for a and a. For the remaining components \l/ 4 , \l/ 3 we may 
express from Bianchi 

V 4 ^ 4 = W 4 + 4> ■ 
V 3 ^ 3 = W 3 + trx Q • * + • 
where \l/ 4 G and \1/ 3 G {a, f3}. Therefore, 

l|V4*4||r ? „ )(fl ) < llv* 4 ||^ c)W + ^||0||^ c) ||*|| £23c)W <n + c, 
l|Vs*s||£ ?#e)(S < \\w 3 \\ci c) m + (i + sHtU-jm^uo <k + c. 



In the last step we have to be careful to avoid the double anomalous term trx Q • a. Its appearance 
is prohibited by the signature considerations, according to which 

1 > sgn(V 3 ^ 3 ) = sgn(trx Q ■ a) = 2. 



13. Estimates for the Rotation Vectorfields 

We define the algebra of rotation vectorfields obeying the commutation relations 

[ {i) 0^ O] =e l3k WO, 

obtained by parallel transport of the standard rotation vectorfields on § 2 = S Uj0 C H u Q along the 
integral curves of e 4 . Suppressing the index W we obtain that 

V 4 O b = XbcO c . 

Commuting with V and V3 we obtain 

V 4 (VO) = x-^0 + (3-0 + Vx-0 + x-V-0, 

V 4 (V 3 0) = (77 - 77) • VO + (x + lo)V 3 + a-0 + (u-x + VV)-0 + V 3 x • O 
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The only non-trivial components of the deformation tensor 7r a/ 3 = \(V a Op + V 'pO a ) are given below: 

7T34 = -2(?7 + rf) a O a , 

Kab = ^(y a O b + V b O a ), 

13.1. Estimates for H,Z. The quantity Z verifies the following transport equation 21 , written 
schematically 

V 4 Z = + rf) ■ O + (77 - 77) • VO + ujZ + (a + p) ■ O + (77 - 77) • (77 + rf) ■ O 
Let H a b = V a Ob denote the non-symmetrized derivative of O. Then, 

V 4 # = x-H + P-0 + Vx-0 + x-V-0 
We now rewrite these equations schematically in the form 

V 4 Z = W>34- + ^34- H+( X + 0J)Z + V g - + ^34- ^34-0, 

v 4 # = i> ■ h + (e 4 + v^ 4 ) • o + i) ■ ^34 • o. ^ 2l2 > 

Here ^3 4 G {77,77}, ^ g G {p, cr}. In what follows -034 will be treated either as a ^3 or a ip4 quan- 
tity, depending on the situation. The quantities, H and Z can be assigned signature and scaling, 
(consistent with those for the Ricci coefficients and curvature components) according to. 

sgn(H) - l - = sc{H) = 0, sgn(Z) - l - = sc(Z) = (213) 

In view of equations (212) we derive, by integration, 

\\Z\\c Tsc) < ||W>4|k (sc) + \\* g \\Tr (sc) +^|H|££ c) (IHI^ c) + \\H\\c rsc) + \\ZWc-J 



Thus, according to the trace estimates of proposition 11.10 for ^ 4 G {77,77} and proposition 12.1 for 
we derive, 

\\Z\\c T , < C + 6*C(\\H\\ cr +\\Z\\ cr ) 

Similarly, 

ll#ll^ c) < IIV^IIiv^ + ll© 4 ||^ c) + ^IH£~ c) (IHI^ c) + ll#ll^ c) ) 
< C + 6sC(C+\\H\\c r J, 
Therefore we have proved 22 the following. 



21 Note the absence of \ an d w. 

22 Note the triviality of the data for Z on _ff . Otherwise the term x • O in the definition of Z might have caused an 
£(^ c ) anomaly. The data for H however is not trivial. Initially |j_ff|jioo ~ 1, which means that while it is anomalous 
in Cf JS) it is not in Cf v 

(sc) v / (sc) 
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Proposition 13.2. The quantities Z and H verify the estimates 

\\H\\r°° + \\Z /~°° < C 

with a constant C = C(T^°\ 2^[i])- 

We add a small remark concerning the symmetrized V derivatives of O. 

Proposition 13.3. Let H' ab := V a Ob + V a Ot = H ab + H ba . Then in addition to all the estimates for 
H , H' also enjoys a non-anomalous C 2 sc ^{S) estimate 

\\ H '\\cl c) (s) < C 



Similarly, 



\Z\\cl c)( s)<C. 



The result follows easily from the transport equation for H', which is virtually the same as for H, and 
crucially, triviality of the initial data for H s . The claim for Z follows from the same considerations. 



13.4. C 2 SC ^(S) estimates for VH,VZ. We prove below the following, 

Proposition 13.5. The following estimates hold true with C = C(l(°\lZ,Tl), 

l|V#|| £ 2 sc)(s) + ||VZ|| £ 2 sc)(s) < C, 
l|V 4 V#|U {H) + ||V 4 VZ|U (H) < C 

Proof. We first commute the transport equations for H and Z with V. 

V 4 (Vif ) = V • V// + • H + (V6 4 + V 2 ^ 4 ) • O + (0 4 + V g ) ■ H 

+ i> ■ W> • O + V 34 • V 4 H + i/j-ijj g -H, 
V 4 (VZ) = VV> 3 4 -0 + (V^ + y g )-(H + Z)+ij- (VH + VZ) + W 9 • O 

+ i!-Vi)-0 + i>-i!-(H + Z)+ ^34 V A Z 
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The term V^ g is in fact V(cr + p). The estimate for VH follows immediately from the following: 
U- VH\\ CU(H) <^||V||^ c) ||V//|| £ 2 sc)(if) <6tc\\VH\\ cUiB) 
W-H\\ cU{H) < 8HH\\ cr J^\\ cU(H) <5*C 

ve-o|u ){H) <\\ve\\ cl {H) <c 



(sc) v ' 



< l|VVll£ ? « )(fl ) < c 



K© + * g ) ■ H\\c U{H) < S-qH\\ cr J\\e\\ cU{H) + \\* 9 \\c U (H)) < 8*C 



\i)-vi)-o\\ C 2 sc){H) 



< 



^Mc r J^\\ clc){H) <5^C 



( SC )V 



||V • ^ • #ll^ 3c) (ff) £ 6 Mc? ac) W H \\C? 3C) UgWc^H) £ ^ 

U • V 4 ^ ||r ?ws) < l^llr- } || V 4 ff Hr^ (fl) < **C. 
The estimates for VZ are proved in exactly the same manner. 



□ 



13.6. C* SC ^(S) estimates for VH, VZ. The results of the previous proposition can be strengthened 
to give the following, 

Proposition 13.7. The following hold true, 

l|V# || £ 4 sc)(5) + ||VZ|| £ 4 sc)(5) < C 

Proof. The arguments can be followed almost verbatim, as in the last proposition, with the exception 
of the analysis of the two terms: 

V 2 ^ 3 4 O, VV g ■ O = V(<7 + p)-0 

We recall that -^34 = {v,v} an d according to Proposition 11.9 we can write, 

with satisfying the estimates 

\\V 2 <f>\\c U (H) + I|V 2 0||^ c)( h) + l|V0||^ c)( 5) + U\\c U (s) < C, 

l|V40||^ c) (5) + ||V 4 V04||^ c) (5) + Il0ll^ c) + \W\\C U (S) < C 

We now the write 

V 2 V> 43 • O = V 4 (V0 • O) - V(f) ■ x ■ O - [V 4 , V]0 • o 

= V 4 (V0 -O)+x-V0-O + ^- 0- O + ^-V^-O + V- ^- 0- O 
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We estimate 

S' 1 / || V0 • x ■ 0\\ cU){Su ^du < 5* sup || V0|| £ 4 sc) (5 u „)||x||^ c) < 8*C, 
I' 1 [ II** ■ *• 0\\c U s^du < (||V^||J ?<e)(fl) \\* 9 \\\ U(H) + 11**11^ w 

pu 

5' 1 / ||W • V • 0\\ ctsc){Su ^du < 6* SU p HVV'II^^I^IU^ < <S*C, 



'-(sc) ~ ' 





S' 1 rU^-4>-0\\ n (5 _)^<5sup||0|U {Su J\^\\l T <8C. 

JO [ - sc> ~ u {sc> ~ t - sc > 

On the other hand, the null structure equations give for < u >= (lu, uj}) 
As a result, 

V(p, a)-0 = V 4 (V< u >-0)+(ip ■ + X ■ V < u > +^ g - <u> +4> g ■ ^ g + ip ■ ip g ■ (< u > +ip g ))-0 
We can estimate 

cT 1 / ||V < u > -x ■ 0\\ c * sc){Suyi) du < 55 sup ||V < u > \\cf sc) (s u J\x\\c rsc) < 6*C, 
r 1 r ■ ^ ■ 0\\ cU{Su ^du < ^supllV^I^ (^l^llr^ <5^C, 

J Vl 

pu 

^ \\^-^-(<^>+^a)-0\\ C f,(s u , u )du < *sup|| <w>+^J £? (Stiti#) ||^|||co <(JC7. 

JO u'<u ' {ac> 

These allow us to conclude that, 

S' 1 F\\V A [(VH,VZ)-V<j>-0-V<<j>-0]\\ ct j Suu ,)dv!' < sup ||(Vtf, VZ)|U {Suu ,) + 8*C. 

Jo u'<u 

Making use of the C^(S) bounds on both V0 and V < lj > we finally obtain the estimate 
rV U ||V4(Vif,VZ)|| £ 4 sc)(5iiii , ) ^' < ^sup y ,<J|(V//,VZ)|| £4sc)(SuM/) + from which the con- 

elusion of the proposition easily follows. □ 

13.8. Estimates for V 3 Z. We now examine the equation for V3Z. 

V 4 (V 3 Z) = V3W34 + V^ 3 4 • Z + W> 3 4 • X + V 3 ^34 • H + ^34 • V 3 H 

+ (V 3 x + V 3 w) -Z + LU- V 3 Z 

+ V 3 ^ g ■0 + (p + (7)-Z + ^ g -X + V 3 ^34 • ^34 + ^34 " ^34 " Z + ^34 • ^34 • X, 
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To estimate the right hand side of this equation we will need to use the first and second deriva- 
tive estimates for tp of Propositions 8.2,8.4,8.7 and 8.12, keeping in mind possible anomalies of X: 
V 4 X, V 3 x, V 3 x , the relationship 

V 3 (p + a) = V£ + (trv_ + ^, 

given by the null Bianchi identities and the C^(S) curvature estimate 23 H^H^ ^ < C of Propo- 
sitions 6.6 and 6.9. Thus, 

||V 3 W>34||/;2 sc) (ff) < C, 

II W • Z\\c U (H) < ^ \\Z\\c Tsc) \m\\c U[H) < Stc, 

II W • xWcfa (h } < 5* WxUfa II VV||^ sc) { h) < c, 

||V# 34 • H \\q sc) {H) < ^^II^IU^IIVs^ll^^) < 6*C, 

U ■ VsH\\ cU{H) < ^ll^llr-jllVa^H^^ < <^C||V 3 tf lU^, 

||V 3 cu • Z\\ C 2 ac){H) < 52 11^11^ || V 3 o;||^ c)( h) < 5*C, 

IIVsX ' Z Wq sc) {H) < S* \\Z\\ C oo c ) || V 3X \\cl c) (H) < C, 

Ik • V 3 Z|| £ 2 sc)(H) < <J§ II^H^ || V 3 Z|| £2sc)(f0 < <^C|| V 3 Z|| £ 2 sc)(i/) , 

l|V 3 (p + <r)\\c*, c) m < l|V^||^ c)( if) + ||(trx + V>) • *II^ C)W < + C, 

II** • ^ SC)W < II^JI*J^ c)W < stc, 

II^-X||^ C)W <^||x||^ c) ||^||^ c)( i/) <c, 

II V 3 ^ 34 • ^||£ 2 sc) (if) < ^ \\4>\\c™ c) || V 3 ^ 34 || £ 2 sc)(H) < 6*C, 

U-4>-z\\ cUiH) ^^lizil^ll^ll^ll^ll^^ <5*c, 

U ■ ^34 • X\\q sc) (H) < 8\\X\\C% C) W\\C% C) UgWc^H) ^ 

13.9. Estimates for ||V 3 if||£2 , H y The only quantity still requiring an estimate is ||V 3 i?||£2 , H y 

(sc) ( sc ) 

We use the relation 24 

V 3 H = V 3 VO = VV 3 + [V, V 3 ]0 = VZ + Vy_ ■ O + p ■ O + ^34 • Z + ^34 • x ■ o 



'Note that W in the nonlinear term may contain an a component but not the anomalous a term. 
Note a crucial cancellation of an anomalous term \ ' H. 
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Therefore, 

\\V 3 H\\ CU{S) < \\VZ\\ CU{S) + ||Vx||^ c) (5) + ll^ll^ c) (5) +^ll^34||^ c) (5)ll^ll^ c) 
+ ^11X11^11^3411^(5) < \\VZ\\ cU{s) +C 

This immediately implies the bounds 

l|v 3 # ll^ c)( s) + IIV3^ll^ c)( 5) + llv 4 v 3 ^||^ c)W < a 

A similar argument allows us to immediately strengthen the 1 1 \7 3 J^T 1 1 ^2 ^ estimate (unlike the one 

(sc) 

for V3Z) to the C^(S) norm 

l|V3^||^ c)(S ) < C 

Furthermore, 

V 4 V 3 # = V 4 VZ + V 4 Vx • O + Vx • x ■ o + v 4 p ■ o + ^ 9 • x ■ o + V 4 ^ 3 4 • z 

+ ^34 • V 4 Z + V 4 ^ 34 • X ■ O + V>34 • V 4 X • O + V>34 • X ■ X ■ O 

We once again remind the reader of the possible anomalies for x, x in £f S c)(S), double anomaly for 
tr% in £^ sc j(S) and a simple anomaly in £^? c ), anomalies for V 4 x and V3X . We estimate 

||v 4 vz|| £?sc)(H) < c, 
l|v 4 VxlU ?3c)W < c, 

l|Vx-xll^ sc)W <^|| x ||£-J|Vx||^ c)(if) <^c, 
\\V4§\\c U( h) < llv^||^ c)( H) + U- * 9 \\c U ( H) <n 1 + stc, 

\\^ 9 -x\\cl c) (H)<S^\x\\c r J\^ 9 \\scHH)<S^C, 

||V 4 ^34 -XWCI^H) ^ ^ 2 \\X\\C^J^^34\\CI C) (H) ^ C, 

11^34 • VaxWc^h) < 5 ~ 2 \\^\\c™J\VAx\\q sc) (H) < S*C, 

11^34 • X • Xll/£ C) (J?) ^ 5 IIX||^ C) IMUfo II^34||£2 tc) (H) < 6*C. 

As a result we now established the following 

Proposition 13.10. There exists a constant C = C((9[ 2 ], Coo, 2?m) s^c^ 

l|V3^||^ c)( 5) + l|V3^||^ c)( 5) + l|V 4 V 3 Z|| £?3c)(ff) + ||V 4 V 3 # < C. 



tion tensor Dir. 




D4H44 = 


o, 


D 4 7T 3 4 


D 4 n 33 = 


1 


Z, L 


D 3 7T44 = 


o, 


D 3 7l 3 4 


D 3 7T 33 = 


o, 


D 3 TT 3a 


D C 7T M = 


o, 


D c 7l 3 4 


D c n 33 = 

D c 7T4a = 


1 

~2- 

-x 


x-z, 

■H s - 
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13.11. Derivatives of the deformation tensor. We now compute the derivatives of the deforma- 



1 1 
r 3a = -V4Z H- 77 • (77 H- 77) — —77 • H s , D 4 7i4a = 0, D 4 ir ab = V \H S , 

-2V 3 ( V + r L ).0-2(r ] + ri)-(Z-x-0)-^r ] -Z, 

l -V 3 Z, D 3 7T4 a = -v(v + v)-\v H\ D 3 n ab = V 3 H S + \v Z, 

-2V(77 + V) ■ O - 2(77 + 77) • H s - l - X ■ Z, 

> c7l3a = ^VZ-x-H s -2x(v + v)-0, 
(77 + 77) - O, D c n ab = VH S - X ■ Z, 
Based on the results of the previous section we then easily deduce the following result 
Proposition 13.12. There exists a constant C = C(0[ 2 ], Ooo, su °h that 

\\Dn\\ C 2 sc){s) <C 

The only potentially problematic term is x ' H s , which can be estimated as follows: 

||y • H s \\r2 (Q\ < <^||y||£°° II-^IIz: 2 ^ C. 

It is precisely this term that requires a non-anomalous £f sc )(S) estimate for H s , which incidentally 
does not hold for the non-symmetrized derivative H. 

13.13. Theorem B. We are now ready to state the main result of this section, mentioned in the 
introduction. 

Theorem 13.14 (Theorem B). The deformation tensors (°^tt of the angular momentum operators 
O verify the following estimates, with a constant C = C (T( Q \1Z,7V) , 

ll^ll^^ + II^II^^^G (214) 

Also all null components of the derivatives D ^ir , with the exception of (D 3 ^ir ) 3a , verify the 
estimates, 

\\D^n\\ cU(s) <C (215) 

Moreover, 

||(A3 (0) Vr)3a-V3^||L4(5) + l|supV 3 ^||L 2 (S) < C (216) 
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14. Curvature estimates I. 

In this section, in all the remaining sections of the paper C denotes a constant which depends on 
the initial data X all the curvature norms TZ,TZ, including ||V4a|L 2 (h (0 '- > ) an< ^ ll^^llr 2 (H (.o,u),. 

Using the results of the previous sections we assume that the norms O of the Ricci coefficients are 
bounded by C . 

14.1. Preliminaries. Let W be a Weyl tensorfield, with *W its Hodge dual verifying the Bianchi 
equations with sources 

BivW = J, Div*W = J* (217) 
where J, * J are Weyl currents, i.e. 

J[a/3-y] — 0? Ja/3~f = —Jot-yS, 9^ J p-yS = 0. 

and J*^ 7 = \ J aiiV £ M ^ 7 the right Hodge dual of J. Following the definitions of [Chr-Kl] we let Q[W] 
be the Bel-Robinson tensor of W. As proved there we have, 

Proposition 14.2. Assume W verifies (217). Given vectorfields X, Y, Z and P[W] = P[W](X, Y, Z) 
defined by P[W] a := Q[W] aM& X^ Z & we have, 

Div(P[W]) = DivQ[W]{X,Y,Z) + ^{Q[W]-ir)(X,Y,Z) (218) 

where, 

(Q[W]-n)(X,Y,Z): = Q[W]( Y, Z) + Q[W]( ^tt , X, Z) 

+ Q[W](^n,X,Y) 

Thus, integrating on our fundamental domain V = V(u,u), 

I Q[W](L,X,Y,Z)+ f Q[W]X,Y,Z,(L) 

J H u J H u 

= I Q[W](L,X,Y,Z)+ I }Q[W](X,Y,Z,L) 

J Ho J H_ 

+ [ [ DivQ[W](X,Y,Z) + l [ [ Q[W]-n(X,Y,Z) 

J JV(u,u) 1 J JT>(u,u) 

In the particular case when W is the curvature tensor R (and thus J = J* = 0), recalling that the 
initial data on Ho vanishes, we have 
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Corollary 14.3. The following identity holds on our fundamental domain V(u,u), 
[ Q[R](L,X,Y,Z)+ [ Q[R](X,Y,Z,L) = [ Q[R](L, X,Y, Z) 

JHu JH^ J Ho 

+ \ I I Q[R]-n(X,Y,Z) 

A J JV{u,u) 

On the other hand, given a vectorfield O, we have 

Div (C R) = J(0,R), Div( *C R) = J*(0,R). (219) 

where J(0, R) is a Weyl current (calculated below in lemma 14.5) and CoR denotes the modified Lie 
derivative of the curvature tensor R, i.e. (following [Chr-Kl]), CoR = CoR — |tr R—\ ■ R 
and, 

( (°>7T • R) afhS = (0) 7T PW^s + (0) 7T %W a „8 + (0) * »W a ^ + (0) 7T »W a ^ 

with ^fc is the traceless part of ^7r , i.e. = ^it +|tr (°^ir g. Observe that CoR is also a Weyl 

field and that the modified Lie derivative commutes with the Hodge dual, i.e.,£o( *R) — *CoR- 
The following corollary of proposition 14.2 and proposition 7.1.1 in [Chr-Kl]. 

Corollary 14.4. Let O be a vectorfield defined in our fundamental domain V(u,u), tangent to H p. 
Then, with H u = H u ([0,u\), 

[ Q [C R] (L,X,Y,Z)+ [ Q [C R] (X, Y,Z,L) = [ Q [C R\ (L, X, Y, Z) 
Jh u Jh^ Jh 

+1 [ [ Q[C R]-HX,Y,Z)+ [ [ D(R,0)(X,Y,Z) 

A J JV(u,u) J JV(u,u) 

where, D{0,R) := DivQ[CoR] is given by the formula, 

D(0,R)[3.y6 = (CoR)/3^ s u J{0, R)^ + (CoR)[3 >l 7 !/ J(0, R)^ u 

+ * (CoR) /3 11 ~f U J*(0, R)nSv + * (CoR) /3 11 y u J*(0, R)^8v 

The Weyl current J(0, R) is given by the following commutation formula, see proposition 7.1.2 and 
in [Chr-Kl], 

Lemma 14.5. We have, 

Div(C R) = J(0;R) := J l (0;R) + J 2 (0;R) + J 3 (0;R) (220) 
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J\0,R)^ s = \ {0) k^D v R^ 1& 
J 2 {0,R) Pl5 = l^PxR^s 

J 3 (0,R)p 7 s = -(^q a /3\R aX ^5 + ^°ha-y\R a (3 X 6 + ^qa5\R a P~, X ) 

where, (°)p 7 = D a ( (°)tt Q7 ). = ^ Ja - D, Mfi ^ - §( (°>p 7 ^ - (0) ^^ 7 ) 

In the remaining part of this section we should establish estimates for the norms IZo and TZ . We 
start with a. 



14.6. Estimate for a. We apply corollary 14.3 to X = Y = Z = e 4 to derive, 

I >| 2 + / W < [ (q \a\ 2 + [ (Q[R]-^n)(e 4 ,e 4 ,e 4 ) (221) 
Jni '^ Jh^' u) Jh< 0> *> Jv(u,u) 



1 Q 

Based on conservation of signature we write schematically, 



(Q[R\ • (4) 7r)(e4,e4,e 4 ) = ^ (si) • * (sa) • * (ss) (222) 

with Ricci coefficients G {x, a;, rj, 77, lu}, null curvature components \l/ and labels si, s 2 , S3 denoting 
the signature of the corresponding component. In scale invariant norms we have, 

IHI^^)) + M 2 c U{< u }) < ll«ll^ c)< , s)) + / 

with, 

^ v ./n ( sc ) « ( sc ) « 

«l+S2+s 3 =4 u 

By far the worst term occur when s 2 = s 3 = 2 and s± — 0. Observe also that, since the signature of a 
Ricci coefficient ( - Sl - ) may not exceed s\ = 1, neither s 2 or S3 can be zero, i.e. a cannot occur among 
the curvature terms on the right. Using our estimates, ||<^ Sl )||,c°° < C, with C = C(T°,1Z, TV) we 
deduce, 

IMI^ (ff (0,u) +\\(3\\ 2 2 IH (0,u), < IMlL , ff (0,MK + C^^IMI^ / ff (0,a)N 

+ Cft 5 1/2 |HL 2 fH (o, S K + C5 1/2 7ll 
Therefore, recalling the anomalous character of 7^o[o;], TZ [(3] we deduce, 

72oH+Eo[/5] £ l° + C5 3/4 7l (223) 
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14.7. Remaining estimates. We follow the procedure outlined in the introduction. Define the 
energy quantities, 



Qo(w,w) = S 2 Q[R](e 4 ,e 4 ,e 4 ,e 4 ) + Q[R](e 3 , e 4 , e 4 , e 4 ) (224) 

+ (T 1 / Q[-R](e3,e 3 ,e4,e 4 ) + <T 2 / Q[-R](e 3 , e 3 , e 3 , e 4 ) 

Q n (w,w) = 5 / Q[-R](e 4 ,e 4 ,e 4 ,e 3 ) + / Q[-R](e 4 , e 4 , e 3 , e 3 ) (225) 
Jh Jh I '"' 

+ 5' 1 / <5[-R](e 4 ,e 3 ,e 3 ,e 3 ) + (T 2 / Q[-R](e 3 , e 3 , e 3 , e 3 ) 
Jh ^°' u ' Jh ^°' u ' 

According to corollary (14.3), for all possible choices of the vectorfields X, Y, Z in the set {e 4 , e 3 } we 
are led to the identity, 

Qo(u,u) + Q (u,u) « Qo(0, «)+£>(«,«) (226) 

where, 

£o(u,u) = 5 2 [ [ Q[i?]( (4) 7r,e 4 ,e 4 ) 

J Jv(u,u) 

+ [[ g[i?]( (4) vr,e 3 ,e 4 )+ / / Q[i?]( < 3 V, e 4 , e 4 ) 

J Jv(u,u) J Jv(u,u) 

+ S- 1 f f g[ J R](( 4 )7r,e 3 ,e 3 ) + r 1 / / Q[R](^7T : e 4: e 3 ) 

J JT>(u,u) J JT>(u,u) 

+ 5~ 2 [ [ Q[R](^7r,e 3 ,e 3 ) 

J JT>(u,u) 

with the deformation tensors of e 4 , e 3 . Every term appearing in the above integrands linear 

in or ^7r and quadratic with respect to R. Also all components of can be expressed 
in terms of our Ricci coefficients x,u;, 77,77, a;. In fact one can easily check the following, ^7r 44 = 
{4) vr 4a = 0, (4) vr 34 = g(D 3 e 4 ,e 4 ) + g(D 4 e 4 , e 3 ) = 4w, (4) vr 33 = 2g(D 3 e 4 ,e 3 ) = -8u, {4) 7r a5 = 2x a b, 
^7r a3 = g(D a e 4 , e 3 ) + g(D 3 e 4l e a ) = 2( a + 2?7 a . A similar formula holds for ^tt, with x replaced by 
X- Observe, in particular, that the term tr% can only occur in connection to ^tt. Thus, all terms 
appearing in the S integrand are of the form, 

with one of the Ricci coefficients and ^1, ^2 null curvature components. Consider first the contribu- 
tion to <2 °f the anomalous terms 5 2 L,(o,«) <3[-R](e 4 , e 4 , e 4 , e 4 ) + <5 2 L, (o, u ) Q[R\(e 4 , e 4 , e 4 , e 3 ) obtained 

"flu Lk u_ 

in (19) in the case X = Y = Z = e 4 . Since Q[R}(e 4) e 4 , e 4 , e 4 ) = |a| 2 and Q[-R](e 4 , e 4 , e 4 , e 3 ) = \(3\ 2 
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we derive, 

£bi(«,«) ~ / / Q( (4) 7r,e 4 ,e 4 ) 

Since all terms of the form • ^ • ^ 2 have the same overall signature 4. Thus, it is easy to derive 
the scale invariant norms estimate, 

and, 

s» < i^Mc&fcm^^m^ue*, (227) 

The gain of S 1 / 2 is a reflection of the product estimates of type (46). Now, the only null curvature 
component which is anomalous with respect to the scale invariant norms C 2 sc JHu'^) is a. On the 
other hand the only Ricci coefficient which is anomalous in C>T SC \ is tr%. Indeed we have to decompose 

tr% = tr% + tr% , where trx Q is the flat value of tr% and therefore independent of 5. This leads to 
a loss of b 1 ! 2 in the corresponding estimates. Now, since tr% cannot appear among the components 
of ^ir, we can lose at most a power of 5 on the right hand side of (227), which occurs only when 
^1 = ^2 = ex. Fortunately the terms on the left of our integral inequality are also anomalous with 
respect to the same power of 5. Therefore, since < C, with C = C(1° : TZ,TZ) we derive 

(sc) 

n 2 M + &]<(i m ) 2 + t l/2 -cK 

Therefore, for small 5 > 0, we derive the bound, 

ftoM + nM <X (0) + 5 l ' A C(n,K). (228) 

with C a universal constant depending only on the curvature norms 7Z, TZ. We would like to show 
that all other error terms can be estimated in the same fashion, i.e. we would like to prove an 
estimate of the form, 

+ K < J (0) + 5 1/4 C(ft, TV). (229) 

Assuming that a similar estimate holds for TZ\ + TZ X we would thus conclude, for sufficiently small 

5 > 0, 

n + n < j . (230) 

To prove (229) we observe that all remaining terms in (226) are scale invariant (i.e. they have the 
correct powers of S). In estimating the corresponding error terms, appearing on the right hand side, 
we only have to be mindful of those which contain tr% and a. All other terms can be estimated 
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by 5 l / 2 p{lZ^lV} exactly as above. It is easy to check that all terms involving tr% can only appear 
through ^71-34. Thus, it is easy to see that all such terms are of the form, 

Q 3 444 (3) 7T 34 « -|/?| 2 trX 
Q3434 (3 V 4 « -( P 2 + a 2 )trX 

Q 3 433 (3 V 4 = -|^| 2 trx 
Thus, since tr% = tr% + tr% , we easily deduce that all error terms containing tr% can be estimated 



5 / Qo(u,v! )dv! + 5 1/2 C(TZ,n). 
Jo 



It is easy to check that the integral term can be absorbed on the left by a Gronwall type inequality. 
It thus remains to consider only the terms linear 25 in ||a|L (M (o,u)^ which we have already estimated 

above. These lead to error terms with no excess powers of 5, which could be potentially dangerous. 
In fact we have to be a little more careful, because we would get an estimate of the form, 

n + n < i (0) + c(n,n) 

which is useless for large curvature norms 1Z, TZ. To avoid this problem we need to refine our use 
of the ^ 0o,oo norms. We observe that among all terms • ■ ^ linear in a we can get better 
estimates for all, except those which contain a Ricci component <fi which is anomalous in £$ SC JS). 

All other terms gain a power of 5 1 / 4 . Indeed the corresponding error terms in E\ can be estimated 
by 26 , 

s 1/2 U\\c U ^ • \\n cU{H ^ • livall^^, • IMI^^ 

Denoting by £ g all such error terms we thus have, 

\£ g \ < s 1/4 c(n,n) 

It remains to check the terms linear in a for which the Ricci coefficient is anomalous in the 
norm, i.e. terms for which is either x or X ■ It is easy to check that there are no terms linear in a 
which contain \ an d thus we only have to consider terms of the form \ • cc • ^, which we denote by 



E\>. Since ||x \\c* (uu) loses a power of we now have, 

$ 1/2 \\x\\cf Ju,u) ■ ||*IL (H (o^) ■ ||Va 



1 1/2 II 1 1 1/2 

"a 



< 



^Oo,4[x]-^o-Wo[«] 1/2 -^i[«] 1/2 



Since we are left with no positive power of 5 we must now be mindful of the fact that the estimates 
for ^O 0:4: depend at least linearly on the curvature norms 1Z,]Z, in which case 8^ is super-quadratic 



25 By signature considerations there can be no terms quadratic in a 



26 It follows from the Gagliardo-Nirenberg inequality ||a||^4 (tlu ) < ||Va|| L 2( u ,„) ||q;||l 2 (« ,«) 
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in 1Z,TI. We can however trace back the 5 1 ^ 4 loss of 11% \\ C 4 (uu) to initial data, i.e. upon a careful 
inspection we find, see estimate (36) of theorem A, 



llxll^ c){U) M) £ 5-^iw + c(n,n) (23i) 

Thus, 

The above considerations lead us to conclude, back to (226), 

^o + ^o % + cn [a} 1 / 2 -KM 1 ' 2 + ^0(^11). (232) 
with c = c(X^) a constant depending only on the initial data. 

Remark In the analysis above we have not considered the possibility that, among the terms in the 
integrands of Sq we can have terms of the form • ^ ■ ^2 with at least one of the curvature term 
being the null component a, which cannot be estimated along H u . Among these terms only those 
containing tr% lead to terms which are 0(1) in 5. These can be treated by using if which leads to 
estimates of the form, 

Qo(u,u) + Q (u,u) < X 2 +(/ Qv(u\u)du' + 5- 1 / Q Q (u,u')du')+C5 1 / 2 

Jo Jo 

with C = C{T^\lZ,lVj. The final estimate would follow from the following: lemma below(which 
can be easily proved by the method of continuity). 

Lemma 14.8. Let f(x,y),g(x,y) be positive functions defined in the rectangle, < x < x , < y < 
y which verify the inequality, 

r-x r-y 

f(x,y)+g{x,y) < J + a f(x',y)dx' + b g(x,y')dy' 

Jo Jo 

for some nonnegative constants a, b and J. Then, for all < x < x , < y < yo, 

f(x,y),g(x,y) < Je ax ^ 



We summarize the results of this section in the following. 

Proposition 14.9. The following estimate hold true with constants C = C(T^°\ 1Z, TV), c = c(T^) 
and S sufficiently small, 
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15. Curvature estimates II. 



We shall now estimate the first derivative of the null curvature components appearing in TZi,TZ 1 . 
We apply (14.4) for the angular momentum vectorfields O as well as for the vectorfields L,L. We 
prefer to work here with the vectorfields L,L instead of e4,e^, as in the previous section, because 
their deformation tensors do not include iv, respectively u. This will make a difference in this section 
because we don't have good estimates for V \oj and which would appear among the derivatives 
of and ^71- . On the other hand, since e 3 , e 4 differ from L,L only by the bounded factor Q, no 
other estimates will be affected. 



15.1. Deformation tensors of the vectorfields L and L. Below we list the components of L Ti a p 
and -7r a/3 . 



7r 44 


= 0, 


L -TT 

7T43 


L VT4a 


= 0, 


L *rr 

7T 3 a 


-7T33 


= 0, 


^43 


-7T3a 


= 0, 


~7T4a 



Cab 



We start first with a sequence of lemmas: 



15.2. Preliminaries. Given a vectorfield X we decompose both CxR and DxR into their null 
components a(CxR), P(£xR), ■ ■ ■ a(C x R) and a(D x R), (3(D X R), ■ ■ ■ a(D x R)- We consider these 
decompositions fo the vectorfields (note our discussion above concerning X = L,L and e a , a = 1, 2. 
In the spirit of our discussion above we write e 4 and e 3 instead of L, L. In the following lemma we 
estimate the null components of DxR, for X = e 3 , e±, e a , in terms of 1Z, 7Z. 

Lemma 15.3. Denoting 1Z U andTZ u the restriction of the norms 1Z andTZ to the interval [0, u] and 
[0,u] respectively, we have with C = C(O^ \ 1Z, TZ), the following anomalous estimates, 

5^\a(D 3 R)\\ 2 (o,^ + 5 1 i\\f3(D a R)\\ 2 ( o lS) < 1^ + 6*0, 
We also have the regular estimates, 



a(D a R)\\ 2 ^ +\\(3(D 3 R)\\ 2 (0 ,^ + \\(3(D 4 R)\\ 2 



-(sc) 



2 (fj(0,u)-y 



+ W(p^)(DaR)\\ C 2 (h^u), + \\(p,a)(D 3 R)\\ 2 (o, M ), + \\(p,a)(D a R)\\ 2 «,,«). 

(sc) V u ' (sc) y u f (sc) V u ' 



+ 



\\P(D 4 R)\\ 2 (0^. + \\P(D a R)\\ 2 (0 ,^ + \\a(D A R)\\ 2 <7Z U + 5 l ±C 

(sc) ^ u 1 (sc) y u 1 (sc) y u ' 



and 
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\\P(D 3 R)\\ cU{H ^ u)) + \\(p,a)(D 4 R)\\ cU{H ^ u)) + \\(p,a)(D 3 R)\\ cU{H ^ u)) 
+ || (p,a) (D 4 R)\\ 2 (0 , u) +\\(3(D 4 R)\\ 2 (0 , u)) + \\(3(D 3 R)\\ 2 (0 , u)) 



+ \\(3(D a R)\\ 2 ^(o.^ + llaCD^IU (H (o, u)) + \\a(D a R)\\ 2 (0 , u) < K„ + 8*C 

Remark 15.4. We note the special nature of the anomalies in a[D 3 R) and j3(D a R). Specifically, we 
can show that both terms can be written in the form G + F with G = trx o • a and F obeying the 
estimate 



ll F H^ c) (<->) + W F Wc U{ H^) ^ C - 

Proof. Let ^^ s \DxR) denote the null components of DxR and 0^ Ricci curvature components of 
signature s. Then, for X = L,L, ei, e 2 , recalling that sgn(X) = 1, 1/2, for X = L, e a , L, we write, 

¥ S \D X R) = V x * (s) + (si) -^ (s2) (233) 

si+s 2 =s+sgn(X) 

Ignoring possible anomalies we write, 



\¥ s \d x r)\\ c2 ( o >fi) < \\Vx^ (s) (R)\\ C 2 (H (o A)) + 5 1 / 2 wo 0>oo ■ n 

(sc) y u ' (sc) ^ u ' 

< \\W x ¥ s \R)\\ c2 ( o„) +CS 1 / 2 

\¥ s \d x r)\\ c2 (0 ,„, < ||Vx* (s) (^)ll £2 (H (o,u )} + 5 1/2 {s) o ^-n 

< ||V**«(i2)|L a + 



(234) 



We only have to pay special attention to the case when = tr% and \I>( S2 ) = a. If s 2 = 2, i.e. 
\]/( s 2) — a then si can be 1,1/2 and 0. The case si = 1 occur only if X = e 4 , which is not covered by 
the lemma. The case s 2 = 2,si = l/2is regular. Indeed, in that case s + sgn(X) =5/2. Thus either 
s = 2,X = e a or s = 3/2, X = L. In both cases we simply estimate the worst quadratic term, on 
the right hand side of (233), with s 2 = 2, by 

ll^<3(^>) S <^ll<% sc) h\\c U <** {s) o MH\% } livalli 



-(sc)y- L±u I y sc )u,u \ sc )u,u ( sc )u,u (sc), 

< 5^ {s) O M ■ Ko[a]* ■ TIM 1 < C5 l '\ 

The principal term is either Va in the first case or V ' l(3 in the second. In the second situation, using 
the null Bianchi identities, (proceeding as above with the term of the form • a), 

II V ^H^. C) (H^) ~ \\ Va Wcl sc) (H^) + 061/4 



In the case (s 2 = 2, s 1 = 0) tr% can appear among the quadratic terms on the right. In that case 
s + sgn(X) = 2. The s = 2 and X = L corresponds to the anomalous estimate for a(DiJi). In that 
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case the estimate is, 

\\a(D L R)\\ 2 ( 0lS K < ||V L a|| 2 ( m ) + (1 + 5 1/2 C) \\a\U (H( o,») + S 1/2 C 

Also, in view of the Bianchi identities, (53), 

II Vi«|| 2 f ( o,«k < ||V/3|| 2 f (o.s)^ + ||a|| 2 f (0.S). +C5 1/2 

Hence, in view of our estimate for a in the previous section 

5 1/2 ||o:(.Dl.R)|| 2 m (o,sK < 5 1/2 ||VlQ;|L2 (h (o,u), + (1 + 5 1/2 C)5 1/2 \\a\\ C 2 (H ( ,u) 

< J(°) + (5 1/4 C 

as desired. We need also to consider the case s 2 = 2, si = 0, s = 3/2 and X = e a . Then, due to the 
term tr% • a on the right hand side of (233) we have, 

\\P(D a R)\\ 2 (0 , M)) < ||V/3|| £2 _ ( o,^ + ||o;|| 2 (o.^.+CT 1 / 4 

( SC )V u J (sc)^ u 1 ( sc ) u 

Thus, 

^1^(^)11 < JW + CT 1 ^ 

as which is the second anomalous estimate. 

It remains to consider the cases s 2 < 2, s± = 0. In the worst case, when a quadratic term on the 
right hand side of (233) is of the form trx Q • we make the following correction to estimate (234), 

\\¥ S \D X R)\\ ^^IWx^m^ <o,,> +||^>|U (iff *)) + C5 1/4 

(sc) y u ' \ sc ) \ sc ) 

< \\v x ^ is) (R)\\ c2 iH i^u + n u + C5 1 ^ 

(sc)^ u ' 

\\¥ S \D X R)\\ C2 ( o, u) < ||Vx* (s) (^)ll £2 (^h + ll^ll^ tfo^ + CS 1 '* 

(sc) ^ — ^ ' (sc) ^ — ^ ' (sc) ^ — M. ' 

<\\W x ^ s \R)\\ c2 ^ +n u + C5^ 

These imply the regular estimates of the Lemma for the case X = e a . For the cases X = L, L we 
can express Vj?^(i?) using the Bianchi identities, 

V 3 ^ (s) = W (s_ ^ + ' ^ (S2) ' < s < 2 

S1+S2=S 

V 4 ^ (s) = W (s+ ^ } + ^ (si) ■ ^ (S2) ' < s < 2. 

s-i+s 2 =s+l 

The worst quadratic terms which can appear on the right are of the form tr% • vl^ 8 ) with s < 2 which 
can be easily estimated. We thus derive all the regular estimates of the Lemma. □ 
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Lemma 15.5. The following estimates for the Lie derivatives CxR, with respect to hold true X = 
{L,L,0}. 

\\a{C L R)-V L a\\ 2 ^ < C (235) 
S^WaiCJ^-VLaWe fH (o >fi K < ^ + C5 3 / 4 (236) 



Also, 



\\¥ s \C L R)-(V L ^Y s) \\ c2 (H ^ < C6 1 '*, l<s< 5/2, (237) 

||* (a) (4^)-(VL*) w ||, 2 < n, + C5 l '\ l<s< 3/2 (238) 

\\¥ s \£ L R)-(V L V)^\\ c2 (H ,o,u h < TZ, + C5 l '\ s<\/2. (239) 

For X = O we have the estimates. 

||^(£oi?)-(Vo^) {s) L 2 (o,^ < C5 1 / 4 , l<s< 5/2 (240) 

\\¥ s \CoR)-(Vo^) (s) \\ c2 , H v.«), < C5 1 / 4 , 1/2< S <2. (241) 

(sc) V — ^ ' 



Proof. We will make use of the regular C?£ c \ estimates for Ricci coefficients G {x, ^, V> X > tr%, 
We also make use of the following estimates for VO and ( ^7r . 

We write, recalling the definition of the Lie derivative and with E denoting the set e±, e 2 , e 3 , e 4 , 

¥ s \c x r) =x(¥ s) ) - J2 $^([^,^]) {si) ^ (S2) 

Sl+S2=sye£ (242) 

E E(([ x ' y ]) (si) ) ± - Xl/(S2) 

Here ^ x (^^) denotes the projection of the Lie derivative on the S(u,u) surfaces and [X, Y] 1 - the 
orthogonal component of [X, Y] i.e., 

[X,Y^ = -± g ([X,Y],e s )e A -±g([X,Y],e A )e s 

Consider first the case when X = L,L. In that case [X, Y} 1 - depends only on the regular Ricci 
coefficients u, r], r], lo Therefore, taking into account the worst possible case when a appear among 
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the quadratic terms (in which case we appeal to £( sc ) estimates), we derive, 
\\¥ S \£ L R) - (£ L *) W || £2 ^(o,,), < C5 l '\ 1 < s < 3 

\\^ s \C h R) " Wl*) {s) H^ c) (^)) S ^ 1/4 ' 1 < s < 2 - (243) 
\\¥ S \C L R) - (£ L *) (s) || £2 (H (o, u)) < C5 l '\ 0<s< 1/2. 

On the other hand, schematically, 

Sl+S2 = l + S 

with 0( Sl ) G {x, T), In the particular case s = 3 we can have a double anomaly of the form, x ' a - 
In that case, 

||^ l «-Vl«|L 2 ( N (o,u), < C8*\\a\\ r2 m (o,u), + C5 1/2 
Therefore, ||^ L a — V^c^La w^'-h ~ f rom which, combining with (243), 

(sc) V u ' 

|| a (£ii?) - Vlq; |L 2 (H (o,uu < C 

Recalling the definition of ClR we deduce, 

5 1/2 \\a(C L R)-V L a\\ 2 p,^ < C 

(sc) ^ u ' 

as desired. 

We now consider all other cases, 1 < s < 5/2. Since there are no double anomalies, we deduce, 
(using C* SC ^(S) estimates for the term containing a) 

||£ L *M_(V L ^|U „ < C8^ 

(sc) V " / 

Hence, combining with (243), 

\\¥ s \C L R)-(V L ^Y s) \\ c2 (H (o^ < C5 l ' A 

Recalling the definition of ^ s \ClR) we deduce, 

||^(£ L it>)-(V L ^) (s) |U (H (o,^ < C5 l '\ 1 < s < 5/2. 

as desired. 

We now consider the estimates for L. We have, 

£ L ^W = Vl^ W + trx Q ^ (s) + Yl ^ (Sl) ' ^ (S2) 

Sl+S 2 =S 
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with 0( Sl ) e {77, rj, x , tr%}. Observe that the worst terms trx Q • a can only appear for s = 2. In that 

case, 

||^ L a-VH| £2 w (o,.k < ||a|| £2 w (o„), + CS 1 ^ < <T ^0 + C5 l ' A 

(sc) u ' (sc) U ' 

Thus, combining with (243), 

(sc) v ^ / 

Finally, recalling the definition of q>{ClR) we deduce, 5 1 / 2 ||a(£L-R) — Vlc* |L 2 ~ ^-o + C<5 3 / 4 

as desired. 

In all other cases, 1 < s < | we have, 

U k ¥-> - (ViVJf'U^,^, < ll* w ll £ . + c«" 4 

Hence, combining with (243) and recalling the definition of C we deduce, 



( ac )V u / 



as desired. 



We now consider the case when X — O. In view of (242), 

\\^ S \C R)-(^ ^Y S \, (o„ )) < C6 1 " 

Indeed the projections of [O, e^], [O, e^] on e%, e4 depend only on O and the Ricci coefficients u, r], r], to 
while [O, e tt ], a = 1,2 are tangent to S(u,u). On the other hand, fi ^I^ differs from (Vo x I / ) <s ' ) by 
terms quadratic in VO and We recall that we have ||VO||£°° < C, i.e. they are regular in the 

(sc) 

supremum norm. Thus, as before, 

||£o* (s) -(Vo*) (s) || £2 {H io^ < Cf. 

(sc) \ u / 

Combining this with the estimate above and recalling the definition of CoR as well as the estimates 
II (0) ?r Ik- < C we derive, for all s > 1/2. 

\\¥ s \C R)-(Vo*Y s) \\ c2 (H (o,^ < C8 1 '* 



Similarly we prove, for s < 3/2 



\\¥ s \C R)-(Vo^) {s) \\ c2 (H ^u < C5 1 " 

(sc) V — ^ ' 



□ 
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15.6. Estimate for II V4CKII r 2 im- It is important to observe throughout this section that the de- 
formation tensors ^ir of L does not contain u and ( --- ) 7r of L does not contain either to. 

We apply corollary 14.4 to O = L and X = Y = Z = e 4 . and derive 

/ \a(C L R)\ 2 < f \a(C L R)\ 2 +[ (Q[C L R] ■ ^n)(e 4 , e 4 , e 4 ) 

JH^ Jh^ Jv(u,u) 

+ f D(L,R)(e 4 ,e 4 ,e 4 ) (244) 

JT>(u,u) 

In view of the conservation of signature we can write schematically, 

(Q[C L R}- ( 4 M( e4 ,e 4 ,e 4 ) = E (si) • ^ {s2) [C 4 R] ■ ¥ S3) [C A R] (245) 

D(L,R)(e 4 ,e 4 ,e 4 ) = ^ ^ (s2) [£ 4j R] • • p^) (6 ' 3) + (Z^) (si) • ^ {s3) ) (246) 

with Ricci coefficients G {x, u, f], f], to}, ip G {x,f],i r ],ui} null curvature components \1/ and labels 
s i> s 2 ? S3 denoting the signature of the corresponding component. Thus, 

\\a(C L R)\\ 2 (0 , M ) < \\a(C L R)\\ 2 +h + I 2 + h 

(sc) y u ' (sc) >• / 

with 

a = ^e u^\\c% c) r w^ s2 \c L R)w c2 ( o„) -ii^^ii^ ( o„)^' 

J 2 = ^^||^)|| / \\*M{£ L R)\\ ( ^ y\\{D*)M\U ^da' 

v Jq ( sc ) it ( sc ) u 

J 3 = E / ll* (S2) (^)|| £2 ^(o^JIW)^-*^!!^ ^C^du' 

Among the terms ii the worst are those in which s 2 = S3 = 3, in which case s\ = 0. Since tr% cannot 
appear among our Ricci coefficients here, and ||0||/;°= < C, with C = C(X° ,TZ,TZ) 

(sc) 

hi < C5 1 ' 2 f \\a{2 L R)\\ 2 ^ du' 
Jo L w l "»' ' 

All curvature terms ||^^(££,i?)|L 2 mC^h with s < 3 can be estimated according to lemmas 15.3 
and 15.5 to derive, 

\\¥^c L R]\\ cU(Hu) < <R + 5 l "C<C, s<3. 

Therefore, estimating all remaining terms in Ii we deduce, 

h(u,u) < C5 1 ' 2 ! (\\a(L L R)\\ 2 (H(0 ,u h + \HL L R)\\ c2 (H ^n)du' + S^K 2 
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The term I 2 can be estimated in exactly the same manner. Since < si < 1 and 1 < s 2 < 3 we have 
2 < S3 < 3. This implies that the term (D^>) S ' A may be estimated along H u . With the exception of 
the term a(DLR) these estimates are given in Lemma 15.3. Among those there are two anomalous 
terms a(D 3 R) and f3(D a R). We then obtain 

h(u,u) < C5 1 ' 2 P (\\a(C L R)\\ 2 (0 , u) +(C5^+1^5^)\\a(C L R)\\ c2 ^ )du' 

+ j(°)H + c<H 

< C5 1 ' 2 \\a(C L R)\\ 2 2 du> +1^5-* +C5-* (247) 

JO L -(sc)(- tl u > > 

It remains to estimate 1%. We note that, in the worst case, the term Di(j can be written in the form 

(DipY si) = (Vip) si +trx ■ip (si) + ^ (sil) ■i ){si2) - 



Sll+Sl2=Sl 



Observe that (V?/>) Sl 7^ (V4W, V3CJ). Indeed V4W cannot occur, since -?/>( Sl ) e {XiViVi^. On the other 
hand V3CJ cannot occur by signature considerations. Indeed in that case Si = sgnCVsto) = 0, which 
is ruled out since si + s 2 + s 3 = 6 while s 2 < 3 and s 3 < 2. 

Thus, since (Vtp) Sl 7^ (V 4 w, V 3 oj) (for which we do not have £^ estimates !), we derive, 

(sc) v u' ' (sc) v u' ' (sc) y u f 1 



V Sn+Sl2=Sl / 



<c. 



Observe that in the last step we have used the C^ sc) estimates for the first derivatives of the Ricci 
coefficients ip G {x, r], 77} and the null curvature components, and allowed for the worst possible 
scenario in which (\1>( S3 ) = a), 

ll(VV-) ( ")||^ )(Hr) + ll* ( «)|| £ . -i)( „ r) <CT-i, 

||*«*>|U .^S.cs-i 

(sc) v u' ' 

As a consequence we derive, 

h{u,u)<C \\a(£ 4 R)\\ 2 . p^du' + C 

JO '-(sc^n' > 

Combining the estimates for I±, I 2 , 13 we derive, 

\HCaR)\\L ,„ ( o,„k < \HC 4 R)\\ 2 (H ^u+C(l + 5^ 2 ) [ \\a(C 4 R)\\ c2 ^du' + Cd 1 ' 2 
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Therefore, in view of the anomalous character of ||o:(£l-R)||£2 , h \, 

(sc) 

5\\a{2 L R)f (0 „) < 5\\a{2 L R)f ^+C5^ 

(sc) ^ u ' (sc) ^ / 

from which we infer that, for some C = C(l°, 1Z, 71), 

5 l ' 2 \\a{C L R)\\ c2 ( o lS)l < S^MClR)^ m. + CS 1 ' 2 

(sc) ^ u ' (sc) ^ / 

< T^ + Cd 1 ' 2 

On the other hand, in view of the definition of ClR we have, 

a(C L R) =V L a+ ^ ' * ( * a) 

si+s 2 =3 

Hence, 

(sc) V u ' (sc) u ' 

Therefore we deduce, 

Proposition 15.7. The following estimate holds true for sufficiently small 5 > 0, with a constant 

c = c(i°,n,n), 

||V 4 a|L a fH (o >fi) < 6- 1/2 X° + C. (248) 

(sc)\ u ' 

15.8. Estimate for II V 3 « II (H) . Applying corollary 14.4 to O = e 3 and X = Y = Z = e 3 we 
derive, 

[ \a(C L R)\ 2 < [ \a(C L R)\ 2 +[ {Q[C L R} ■ ^7r)(e 3 , e 3 , e 3 ) 



Lo JV{u,u) 

+ / D(L,i?)(e 3 ,e 3 ,e 3 ) (249) 

JV(u,u) 

In view of the conservation of signature we can write schematically (we need to take into account 
the signature associated to the integrals), 

(Q[£lR\- {4) 7r)( e3 ,e 3 ,e 3 ) = ^ ^ ■ ¥ S ^[C 3 R] ■ ¥ S ^[C 3 R} (250) 

Sl+S2+S3 = l 

D(L,R)(e 3 ,e 3 ,e 3 ) = ^ (s2) [4^] • (^ (si) ' (DV) M + (Z^) {si) ■ ¥ s ^) (251) 

Sl+S2+S 3 = l 

with Ricci coefficients ip G {a;, 77, 77, x}, null curvature components ^ and labels Si,S2,s 3 denoting 
the signature of the corresponding component. We now need to be careful with terms which involve 
trx and V 3 tr%. In (250) the only terms which contain tr% have the form tr% • \(5(ClR)\ 2 which we 
write in the form 

trx -|^(4^)| 2 + t^-|^(4^)| 2 
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In (251) the only terms which contains Vatrx, must be of the form 

V 3 trx • ¥ S2 \C L R) ■ ^ (S3) , s 2 + s 3 = 1. 

Recall that, 

V 3 trx = ~^ tr X 2 - 2^trx - \x 1 2 
Thus, writing, tr% = tr% + tr%, we have schematically, 



V 3 trx = -^trx 2 + trx ^g + ^-^ 



We have, 



H^LR)\\% fH (0,.). < ll«(4^)l| 2 2 (H V,uU + Pl + P2 + P3 + Jl + J2 + J 3 

(sc) ' H / (sc) ^ / 



with, Pi, P 2 , -P3 the terms corresponding to the terms in tr% , 



A = V r 1 r||^(4i?)|| £2 _(o,. )r ||* (S3) (4^)ll £2 (H i^M 

~ Jn (sc) 1 — „' > (sc) 1 -— „/ -> 

^ = E r 1 f||*^(4*0ll £2 Jp*) (S3) || £2 

S2+S3 = l ^ u 

^3 = E 5-1 ril* (S2) (£ 3 it:)ll £2 ( ^) ) -ll^ {S3) ll £2 ^jdti' 

' Jq (sc)'- — u' ' (sc)V — u' ' 



S2+S3 = l 

and Ji, J2, J3 the remaining terms with Ricci terms ip G {77, 77, x } 



Ji = *- 1/2 E II^ (S1) II^ C) / ll^ 2 ^)^ ( ^, ) .||*f»)(£ s i2)|| jca ^dti' 

Sl+S2+«3 = 1 

^ = r 1 / 2 E ll^ll^o /"ll* (S2) (Ai?)|| £2 (ff( o,., r ||(^) (S3) || £2 {H ^M 

Sl+S 2 +S3 = l 

^ = e 5-1 rn* (s2) ^)n £2 (if( o, u)) iiw) (si) -* (s3) ii £2 (flo..)^?*' 

Sl+S2+S3 = l ' 

It clearly suffices to estimate the principal terms P. Indeed the J terms can be treated exactly as in 
the previous subsection 27 . We have, 

Pi < S- 1 Fw£lR)\\ 2 (h(0 , u) M 
Jo — ^W^' > 

According to Lemma (15.5) we have, 

11/3(4^)11^ fH (o..), < IIV3/9H 2 , {H ^ )) +n, + 5 l "c 

27 Remark that in J 2 (D^)^ differ from V3W, because <I>( S3 ) g {cj, 77, 77, %}, and V 4 w by signature considerations. 
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In view of the Bianchi identities, for | < s < 1, 



Therefore, 



Consequently, 



V 3( 5 = div a - 2trx • (3 - 2u ■ (3 + rj ■ a 



W£lR)\\ 2 (h1 o„k < \\Va\\ 2 +^ + 5 1/4 C 



Pi(u,u) < S- 1 (\\Va\\ 2 m ^ u) ,+'R {u,y!))dy! + C5 1 / i 

< r 1 [~n 2 (u,y!)dv! + 5 1/4 C 

P2? -P3 can be estimated exactly in the same manner. First, observe that in P 2 the terms of the form 
(£>\£)(S3) bey the bounds, 

||(£>*) (S3) || £2 (H( o..) <K(u,u!) + 5-*C. 
This follows from the restriction s 3 < 1. Similarly, for s 2 < 1 

\\¥ S2 \ClR)\\ c2 (h (o, u) < \\a(C L R)\\ 2 (H v, u)) +K(u,u!) + 6zC. 

(sc) ^ — u' ( sc ) — 

Therefore, 

P2(u,u) < 5- 1 T \\a{C L R)\\ 2 (H(0 , U) M 

+ 5' 1 [~n 2 (u,yf)dyf + 5 1/2 C 
Jo 

Similarly, 

Pz{u,u) < 5' 1 / ||a(£ 3 -R)|| a , H io, U ),K(u,u')du' 

JO (sc)V — M ' ' 

+ r 1 / n 2 (u,u')du' + 5 1/2 c. 

Jo 

Therefore using Lemma 15.5 we derive, 

Proposition 15.9. The following estimate holds true for sufficiently small 5 > 0, with a constant 

c = c{i°,n,n), 

||V 3 a||2 { < ||V 3 a||2 + S~hn + / TZ(u,v!) 2 du' + 5^C (252) 
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15.10. Estimates for the angular derivatives of R. Applying corollary 14.4 to the angular 
momentum vectorfields O and X, Y, Z e {e^, e^} we derive, 

/ \¥ S \C R)\ 2 + f \^\C R)\ 2 < f \^ S \C R)\ 2 + [ (Q[C R]-n)(X,Y,Z) 

J JH^' u) JH^ Jv(u,u) 

+ [ D(0,R)(X,Y,Z) (253) 

JV(u,u) 

In view of the conservation of signature we can write schematically, 

(Q[£oR}-7r)(X,Y,Z) = trx Q - y (s2) [£oR]-y (s3) [£oR] (254) 

s 2 +s 3 =2s 

+ ^ (si) • y (S2) [£oR} ■ ^ {S[i) [C R] 

si+s-2+s 3 =2s 

with Ricci coefficients in {x, uj, 77, 77, x , tr%, u}. Also, recalling that 7r = tt + |tr(7r)(7, 

D(0,R)(X,Y,Z) = £ ^ (S2) [^]- ( (0) 7r (si) -(^) (s3) + P {0) vr) (si) -^ {s3) ) (255) 

with ^7T null components of the deformation tensor of O. Thus, for all s > |, 

||*W(£oi2)||J a ( ^ )) + ||^ (s ^ ) (^oi?)||^ ffl( o..,> < ||* w 0C o i2)|£ a +/ 1 + / 2 + / 3 

• Ji is the integral in V(u,u) whose integrand is given by (254), 

• I 2 is the integral in V(u,u) whose integrand is given by 

J2 y (s2) [CoR] ■ (0) vr • (D^Y S:i) . 

• J 3 is the integral in V(u,u) whose integrand is given by 

y (s2) [£oR] ■ (£> (0) 7r) (si) ' y (sa) - 

si+S2+S3=2s 

In what follows we make use of the estimates for the deformation tensors of the angular momentum 
vectorfields established in theorem 13.14 O, 

II (0 Ml^ sc) (s) + II ( °Ml^ c) (s) < c* 

Also all null components of the derivatives D ^tt , with the exception of (_D 3 ^ir ) 3o , verify the 
estimates, 

\\D {0) n\\ cU{s) <C (256) 
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Moreover, 

\\(D 3 (0 \) 3a -V 3 Z\\ LHs) + \\snp\V 3 Z\\\ L2 ^ < C (257) 

u 

(258) 

The term Ii can be easily estimated, since none of the curvature terms are anomalous. Indeed, in 
view of lemma 15.5 we have, for all s > 1/2 

\\^\CoR)\\^ ){hL o^ < \\¥°\C R) - V ¥X U(H ^ + llVo^ll^^, 

< K(u,u) 

while, for s — |, 

( sc) ^ — ^ ' 



-(sc.) y—u 

Consequently, for s > 1/2, 



h < E I" \\* ia) (£oR)\\ 2 c , ^ du' + 6^C 

while for 5 = 1/2, 



s<2 

Therefore, 



s>1 JO ( sc ) v «' ' s<2 JO ( sc ) v «' ' 

(259) 



Among the terms I2 the only possible anomalies may be due to the case when S3 = 3, i.e. (D^Y S3 ^ = 
a(D 4 R) or in the easier cases (D^Y^ = a(D 3 R) and (D^Y Ss) = f3{D a R) (i.e. s 3 = 2). We denote 
by I21 all terms in I2 except those which corresponds to these anomalous cases. For all other terms 
we have either ||(ZW)(«0|| 2 (0 , u) < C or ||(L>*) (s3) IU ^ < C. Using also || ^vr |Uo < C 

and, 

ii^^n^^^c, S2 >i 

\\¥ S2 \C R)\\ c2 fH (o,«) <C, s 2 <2 

we derive, 



hi < 6*C 
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We now consider the terms I22 which contain (D^)^'^ a(DsR) and (D^)^ s '^ = (3(D a R) but not 
a(D 4 R). In this case write, according to the Remark 15.4, 

(£^)(«3) = G + F (S3) , 
ll^ll^ (H io^ < C, s 3 >l, 
II^ (S3) II £2 {H (o^ < C, s 3 <2. 

where G = tr\; • a. Clearly, the terms corresponding to can be estimated exactly as above. 
To estimate the terms corresponding to G we make use of the C^(S) estimate, ||G||/;4 ^ < C5~^. 
Using also, II ^tt \\ri (s) we obtain, 

I22 < &~*c 

It remains to estimate the terms in J23 which contain a(D 4 R). The integrand, which contain a(D 4 R) 
has the form, 

D 23 = ( ° )7r(Sl) -^ iS2) (^oR) -a(D 4 R) 

Sl+S2=2s — 3 

This term is potentially dangerous ! In view of lemma (15.5) ^/^ 2 \C R) differs from (V #) ( * 2) by 
a lower order terms. It thus suffices to estimate, 

D 23 = J2 {0) K isi) -(V y) {s2) -a(D 4 R) 

si+S2=2s— 3 

We also decompose 

a(D 4 R) = V 4 a + ^ ' ® M 

S3+«4=3 

where 0^ 3 ^ G {cu,r],r]}. This forces s 4 < 2 and thus, since there are no anomalies we derive, 

\\a(D 4 R) - V 4 a|L 2 fJT (o lS ) < C5 1/2 
Therefore we can safely replace a(D 4 R) by V 4 a and thus it remains to estimate, 

D 23 = ^ {0) 7r {si) • (V ^) (S2) • V 4 a 

Sl+S2=2s — 3 

Because of the anomaly of V 4 a the best we can by a straightforward estimate is to derive an estimate 
of the form J 2 3 < 1^ + C which is not acceptable. Because of this we are forced to integrate by 
parts, Ignoring the boundary term f„ ^tt ^ ■ (Vo^)'* 2 *' • a, for a moment 

— u_ 

[ (°)tt {si) • (V ^) (S2) • V 4 a = - J v V 4 (°)7r (si) • (V ^) (S2) • « - J P (0) tt ( Sl ) • V 4 (V ^) (s2) • a 
Jv 

(260) 
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We write schematically, with c/^ 1 / 2 ) e {77, rf) 
V 4 (V ^) (S2) = V 4 VoW (s2 ~^ 

= v v 4 (^) (s2_ 5) + ^ {S3) ■ ^ (S4) + ^ (1/2) ■ ^ (S4) - 

S3+S4=S2+1 S 4 =S 2 + l/2 

We can therefore replace the integrand -D 23 by, 

-D23 = — -D231 — -D232 — -D233 — -D234 
D 23 i = ^ V 4 (0) 7r (si) • (V ^) (S2) •« 

si+S2=2s— 3 

^232 = J2 {0) ^ {si) -^o(V^ {s2+l/2) )-a 

si+S2=2s— 3 

D 233 = £ (•!).( £ *(•»). tfM) . a 

Si+S2=2s—3 S3+S4=S2+1 

D 2U = Yl (0) vr (slK ( E (V2) • ^ (S4) ) • « 

si+«2=2s-3 s 4 =s 2 + l/2 

Accordingly we decompose J 23 = ^231 + ^232 + ^233 + ^234 • Now, 

"ll(Vo^) (s2) || £(sc)(/ , r) ^ 

< sic. 

The terms / 233 and / 234 are clearly lower order in 5, we derive 

-^233 + -^234 < S 2 C 

It remains to estimate J 232 for which we need to perform another integration by parts. We write 

/ (0) tt ^ ■ V (V 4 ^ (s2+1/2) ) -a = - [ Vo (0) tt ^ ■ (V 4 ^ +1 / 2 )) ■ a 
Jv Jv 

- [ (°\^-(V^ +1 ^)-V a 
Jv 

- [ (0) 7T (S1) • (V 4 ^ (S2+1/2) ) • (V a O a 

Jv 



a 



By Bianchi, since s 2 + 1/2 < 3, 
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Therefore, 

| f V (0) 7T^-(V 4 ^)^-a| <^l|Vo (0) 7r^|| £fM)(s) ||a||^ o)(s) 



< 5*C. 



Also, 



I ^ ^ • (V,*)<"+*> • Voa\ < *i £ ||Voa|| £(sc)( , r) ||(V 4 *)(-i)|| £(sc)(ifr )d u> 



*\\ {0) - {si) \\c Tsc){S) 



The remaining integral in J232 is clearly lower order in 5. For the boundary term in (260) we have, 

\[ ■ (V *) (S2) • «| < ^||(Vo^) (s2) ||^ c)( ^)-|| {0) vr|L tc) (5)ll«||^ c)( 5)<^^ 

We therefore deduce, 

h < (261) 

Consider now I 3 . Ignoring powers of 5, we have to estimate the integral j v {D )^ ■ ty( S2 \C R) • 
ty( S3 \ Recall the estimates 

for all components of (D (°)7r )( Sl ) with the exception of the term D 3 3a which corresponds to the 
signature Si = 0. In this latter case we have, 

IIA^W- V 3 ^|U {s) <C, \\ S U P \(D 3 (°\) 3a \\\ cl {S) <C 

(sc> u {sc> 



In the case (D (°h ) {si) ^ D 3 { °\ 3a , we have 

I / (D^n)^.^\C R)-¥^\<5U- 1 r||(Vo^) (s2) || £ , H ^M. 
Jv Jo {sc > a' ; 

x||(D( )7r)(-)|| £tc)(s) ||^)|| £ ^ (5) <^ C) 

where we considered the worst case in which = a and thus anomalous and (Vo^ / ) ( - S2 - ) has to be 
estimated along H^,' u \ 

For the case we can replace, without loss of generality, (DV < -°- ) 7r )( Sl ) by V 3 Z. Indeed the remaining 
error term can be estimated exactly as above. In this case, since S\ = 0, signature considerations 
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dictate that S3 > 1. It follows from the conditions s\ + S2 + S3 = 2s, S2 G {s, s — |} and s > 1. This 
implies that we may use the trace theorem along H u 

ll^ (s3) l| Tr(sc)W <5^, 

where in fact 5^ only occurs in the case \I>( S3 ) = a, for all other terms the behavior in 5 is better. We 
thus give the argument only for ^( s ^ = a, other cases are even easier. Recalling also lemma 15.5, 

JV JO (sc) a' 

x ||sup|V 3 Z||U (5) sup||^( S3 )|| Tr(sc)(H „) <<S*C, 

u (sc> u 

Finally we observe that the only borderline terms, not resulting in positive powers of the parameter 
5 and arising from coupling to tr%, involve only (3, p, a and j3 components of curvature. 

Combining all our estimates for /, I 2 , 13 and using lemma 14.8 we derive, 

E (\\* {s \£oR)\\ c2 ^ )) + \\^\EoR)\\ cl {H ^) < E ii* w (a>*)iu ^ 

l<s<5/2 l<s<2 

+ 5 1/4 C 

More precisely, we easily check the following, 

\\a(C R)\\ C 2 (H (°,v)\ + \\P(£oR)\\ C 2 (h (0 ' u) ) ~ \\ a (£oR)\\ C 2 (h^u)) + 5 1/4 C 
For 5 < 2 we have, 

E {\\^ s \CoR)\U j H ^ } + \\^(£oR)U {H ^ }) ) < E \\* {s) (£oR)\\ cl (H ^ } + 5^C 

s<2 s<2 

Using the estimates of lemma 15.5 we derive, 

l|Va|L 2 fH (o lS ), + ||V/3|L a f ( o,uk < ||Va|L 2 rif( o,^ + <5 1/4 C (262) 

For s < 2 we have, 

E (ii(v*) w iu ( ^>) + ikv*)^iu ( ^, } ) < E ikv*)«iu + 5l/4 ° (263) 

s<2 s<2 

We summarize the result above in the following. 

Proposition 15.11. The following estimates hold for 5 sufficiently small and C = C(T(°\lZ,lZ). 

E rf^ + llV^IU < + (264) 

l<s<5/2 
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Combining this proposition with propositions 15.9 and 15.7 we derive. 

< Io + C5 1/4 (265) 
Finally combining this with proposition 14.9 we derive, 

TZ + n < 1 + C5 1/4 (266) 
This ends the proof of our main theorem. 

15.12. Proof of propositions 2.9 and 2.10. The proof of proposition 2.9 is an immediate conse- 
quence of estimate (263) together with the initial assumptions derived in proposition 2.8. Indeed, 
under initial assumptions (32) we derive, 

£ (ii( v *> w k„,<*<"'«>> + ik v *) (, - |, ii^ ) <4«>) * f + smc 

which gives, for sufficiently small 5, estimate (33). 

We combine this result with proposition 11.12 to prove the following scale invariant version of propo- 
sition 2.10 of the introduction. 

Proposition 15.13. The solution ^<f> of the problem vf^(p — w ^h trivial initial data satisfies 

H (3 Vll^ c) (5)<c7 e i+L75l. 
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